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In recent years the relation between the assimilation of CO, and fixation 
of nitrogen by leguminous plants has received increasing attention. Be- 
cause the two great synthetic processes of nature, assimilation of CO, and 
of free nitrogen are both functions of the Leguminosae, it is of great interest 
to determine whether or not they are mutually independent in these 
plants. The results of experiments carried out during the last five years 
provide several new lines of evidence which indicate that the two syntheses 
are closely interrelated and that certain generalizations are justified 
concerning this relationship. The concept that photosynthesis is an 
important function in the assimilation of free nitrogen by leguminous 
plants is not new.' It has been suggested by several investigators but 
little experimental data are offered in support of this idea. 

The present paper is concerned with the carbohydrate-nitrogen relation 
of inoculated leguminous plants, especially as affected by the gaseous 
environment of the plant and the influence of this relation on nodule 
formation and nitrogen fixation. The data show a definite correlation 
between the nitrogen-fixing, photosynthetic and respiratory functions 
in leguminous plants and afford a common basis for interpretation of 
problems relating to the following aspects of the fixation process: (1) quan- 
tity of nitrogen fixed; (2) size, number and distribution of nodules; (3) 
effect of combined nitrogen on fixation of free nitrogen. 

Methods.—The details of the methods used for growing the plants and 
supplying atmospheres of various composition have been described in 
other publications.2 The carbohydrate or nitrogen supply of inoculated 
leguminous plants was changed and the effect noted on the various func- 
tions of the fixation process; the desired modifications were brought 
about by the following controlled variation in the environment of the 
plant: (1) percentage of CO, of the atmosphere supplied to the plants. 
In this way the photosynthetic activity of the plant could be varied and 
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hence the carbohydrate-nitrogen relation changed; (2) percentage of oxy- 
gen of the atmosphere. Changes in the percentage of oxygen are re- 
flected in the rate of respiration of the plant (and to some extent photo- 
synthesis), thus varying the level of carbohydrate; (3) percentage of 
nitrogen of the atmosphere. Thus the quantity of nitrogen fixed was 
controlled with consequent change in the carbohydrate-nitrogen ratio; 
(4) amount of combined nitrogen added to inoculated plants. The 
additions of nitrate nitrogen at various levels was made in the presence 
and absence of added CO, and hence there was a change in both carbo- 
hydrate and nitrogen in the plant. 


I. Quantity of Nitrogen Fixed.—If the atmosphere supplied to alfalfa or clover 
plants is enriched with CO», the plants produce more dry substance and fix more nitrogen 
than untreated plants. It appears that the stimulation of photosynthetic activity 
leads not only to an increase in carbohydrate but also to a corresponding increase in 
the nitrogen fixed. The most marked stimulation of both the photosynthetic and 
nitrogen fixing activities of the plant occurs as the CO, is raised from 0.03 per cent 
(air) to 0.1 per cent. Further increments in the percentage of CO, cause relatively 
much smaller increases in these two functions of the inoculated plant, probably because 
factors other than CO, begin to limit photosynthesis. The increase in nitrogen is 
relatively less than the gain in dry weight as indicated by the decrease in the percentage 
of nitrogen in the plant with increasing percentage of CO:. This indicates that the 
plants grow richer in carbohydrate with reference to the nitrogen present, as the 
percentage of CO, increases. Experiments‘ in which the carbohydrate was supplied 
directly to the plant in the form of glucose, sucrose and mannitol gave results which 
were similar to those obtained with the CO, additions. 

Not only can deficiency in carbohydrate lead to a decrease in the fixation of nitrogen, 
but excessive carbohydrate formation may bring about somewhat similar results. 
An excessive carbohydrate content may be induced in a plant by exposing to a high 
light intensity, by increasing the number of hours the plant is exposed to light or by 
increasing the CO, in the atmosphere. In one experiment, soy-beans grown under the 
intense sunlight of midsummer became stocky, yellow and gave all indication that 
little nitrogen was being fixed; plants transferred to shade became succulent, green 
and fixed 10.3 mgm. of nitrogen per plant in 4 days as compared with 4.5 mgm. for the 
plants left in the intense sunlight. Similar results have been noted from gross ap- 
pearance in greenhouse experiments with clover supplied with CO... If CO: is supplied 
inoculated plants immediately following germination and if the illumination is 
sufficiently high, the plants exhibit typical signs of excessive carbohydrate and 
fixation of nitrogen is delayed, so that at times it appears that the plant may actually 
die for want of nitrogen. However, as soon as the fixation process is started the plants 
develop extremely rapidly as a result of the high carbohydrate reserves. It is suggested 
that excessive carbohydrate formation in early stages of growth ties up the available 
nitrogen and thus retards the development of the centers of fixation. Any treat- 
ment which favors a succulent plant and protein decomposition, e.g., shading, 
will tend to overcome this effect. The non-occurrence of the so-called “nitrogen 
hunger” period in the late summer and fall may be due to the lower intensity of the sun 
at this time. This decrease in illumination leads to a carbohydrate synthesis that does 
not become excessive in relation to the nitrogen being fixed. 

II. Size, Number and Distribution of Nodules Associated with the production of a 
plant relatively rich in carbohydrate, by addition of CO, to the atmosphere, there was 
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observed a 2- to 3-fold increase in the number and size of the nodules. Also the nodules 
were distributed throughout the root system instead of being concentrated on or near 
the primary root, which is the characteristic position of nodules on plants supplied 
with a normal atmosphere. Somewhat similar effects are obtained if poor strains of 
rhizobia invade the plant. Under these conditions little or no nitrogen is fixed and a 
plant high in carbohydrate results, accompanied by large numbers of nodules scattered 
over the root system.® 

The data on number and distribution of nodules from these two widely different 
types of experiments suggest that the number and the position of nodules are in a 
measure a function of the carbohydrate level of the plant.‘ Opportunity to test this 
idea was offered by a series of experiments in which the carbohydrate level in the plants 
was varied by methods other than change in CO: content of the atmsophere or by 
inoculation with poor strains. The carbohydrate-nitrogen relation was altered by 
the following variations in the environment: 

(1) Change in percentage of nitrogen of the atmosphere. The nitrogen in the 
atmosphere was varied from 2.5 to 79 per cent. Under the low percentages of nitrogen, 
the fixation of free nitrogen decreased and carbohydrate accumulated, changes which 
were indicated by a decreased percentage of nitrogen in the plants. This was confirmed 
by the appearance of these plants, which were stocky with yellow leaves and red stems. 
These characteristics are indicative of carbohydrate excess. 

(2) Change of percentage of oxygen in the atmosphere. The oxygen of the atmos- 
phere supplied the plants was varied from 1.25 to 60 per cent. As the oxygen decreased 
from that normally present in air (21 per cent) to 10 per cent or less, the plants showed 
the usual signs of carbohydrate accumulation probably associated with the decreased 
rate of respiration due to the lowered pressure of oxygen. As the oxygen in the atmos- 
phere increased above normal, the percentage of nitrogen in the plant increased, the 
plants became green, fragile and succulent, indicative of depleted carbohydrate reserves. 

The results of ten experiments in which the carbohydrate-nitrogen relation in in- 
oculated clover plants was varied by the foregoing methods are summarized in figure 1. 
Similar data were obtained in three other experiments which are not shown on the graph. 
As can be seen in the figure the trend of the lines indicates that an increase in the carbo- 
hydrate with respect to nitrogen in clover plants favor production of nodules, and this 
effect is independent of the method used to bring about the carbohydrate increase. Be- 
cause of the erratic behavior in the formation of nodules,* regular curves from data 
involving only numbers of nodules could not be expected. The consistency, however, 
of the upward trend of the lines indicates clearly the importance of the carbohydrate- 
nitrogen relation in conditioning nodule formation on inoculated plants. 

An apparent exception to this conclusion is suggested by the data concerned with 
plants grown under low percentages of oxygen. In this case there was noted a slight 
decrease in the number of nodules with decreasing oxygen. It was expected that plants 
grown under very low oxygen, 1.25 to 10 per cent, would become higher in carbo- 
hydrate with decreasing percentage of this gas. Such was not the case; decreases in 
the oxygen content of the atmosphere below 10 per cent resulted in smaller plants but 
the percentage of nitrogen remained constant. The failure, therefore, to observe an 
increase in the number of nodules, although unexpected, is consistent with the results 
of the other experiments. 


Further evidence of the association of high carbohydrate with increased number of 
nodules is obtained by treating statistically the data of 13 separate experiments. In 
each experiment the relative number of nodules and percentage of nitrogen in the plant 
was calculated for each treatment, using the plants grown in air as the control (equals 
100). If no air control was included in the experiment, the plants grown in the atmos- 
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phere, the composition of which most nearly approximated that of air, were used as the 
base. The data obtained were used to calculate the correlation coefficient between 
the two variables, number of nodules and percentage of nitrogen. This was found to be 
—0.57 + 0.10, a value sufficiently high to conclude that there exists a definite negative 
correlation between the variables measured and hence a positive correlation between 
increasing carbohydrate and number of nodules. Tests of the coefficient indicated 
that the correlation was of a linear nature and the two lines of regression were deter- 
mined. These have been drawn in the scattergram of the data shown in figure 2. 
The fit of the points to the lines are not close, but it is evident that the trend of the 
points is downward. The lack of fit of the majority of the points probably arises from 
two causes: (1) erratic nature of nodule data if numbers alone are used;* (2) factors 
other than carbohydrate which are also influencing nodule formation and which are 
not constant among the experiments. Once more emphasis is laid on the fact that 
these data are from experiments in which three different methods of varying the carbo- 
hydrate-nitrogen relation were used. The existence of a definite association of carbo- 
hydrate and nodule production appears to be established by this statistical treatment. 

Additional evidence of the close relationship between carbohydrate and nodule forma- 
tion is brought out by experiments in which inoculated plants were grown in the dark. 
No nodules were formed if the plants were held in the dark throughout the entire ex- 
periment. However, if the plants kept in the dark were supplied with added carbo- 
hydrates, nodules were formed. Of special interest in this connection is the fact that 
even excised roots can be induced to form nodules provided that a complete nutrient 
solution including carbohydrate is supplied.’ 

Ill. Effect of Combined Nitrogen—Many investigators have observed and discussed 
the fact that the addition of combined nitrogen to inoculated leguminous plants results 
in a decrease in the number and size of nodules. Lack of support by adequate ex- 
perimental data for the numerous theories offered in explanation of this phenomenon® 
leaves the mechanism involved still a matter of dispute. Previous work® suggested 
that the assimilation of combined nitrogen by the plant into organic forms reduced 
the carbohydrate level to a point at which nodule development was restricted. 

To test this hypothesis, a number of experiments were made in which were estimated 
the reducing sugar and sucrose contents of the sap of inoculated soy-beans treated with 
various levels of combined nitrogen. The results discussed in detail elsewhere® show 
that addition of nitrate-nitrogen to inoculated soy-beans first causes a perceptible drop 
in the total soluble carbohydrate of the sap; this initial decrease is often followed by a 
rise, then a second decrease. The individual curves for reducing sugar and sucrose are 
very much like the total carbohydrate data. It appears that very small quantities of 
combined nitrogen cause the predicted drop in the carbohydrate level, but at certain 
intermediate concentrations a stimulation of plant growth with accompanying in- 
crease in leaf surface overcomes this effect. At high concentrations of added com- 
bined nitrogen the decrease in soluble carbohydrate is once more apparent in spite of 
the increase in the size of the plants. 


DESCRIPTION OF FIGURES 1, 2 AND 3 
Figure 1. The effect on nodule production of changing the carbohydrate-nitrogen 
relation in clover. 
Figure 2. Correlation diagram with lines of regression of number of nodules with 
per cent nitrogen in clover. Symbols refer to type of experiment used to change 
carbohydrate-nitrogen relation. 


Figure 3. Effect of increased carbohydrate synthesis on nodule formation by clover 
supplied with different levels of combined nitrogen. 
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These data support the view that the carbohydrate-nitrogen relation is an important 
factor in explanation of the combined nitrogen effect, but further evidence is desirable. 
The question arises, ‘Will an increase in the carbohydrate level of inoculated leguminous 
plants supplied with combined nitrogen tend to overcome the effects of the latter?’ 

To answer this question, inoculated clover plants were grown in jars and supplied 
with various concentrations of combined nitrogen; one-half the plants in each treatment 
were furnished with air, and the remainder with an atmosphere containing 0.1 per cent 
CO,. Increased photosynthetic activity of the plants in the latter series should increase 
the carbohydrate level. If the theory has any basis, this rise in the carbohydrate should 
tend to overcome the detrimental effects of the combined nitrogen on nodule formation. 

Such was actually found to be the case. In four experiments in which the number 
of nodules was determined, the plants receiving additional CO. showed a decided 
tendency toward overcoming the detrimental effects of the combined nitrogen on 
nodule production. Ina fifth experiment, the data of which are summarized in figure 3, 
both number and dry weight of nodules were determined. Reference to this figure 
shows the striking beneficial effects of added CO, on the number and size of nodules on 
plants supplied with combined nitrogen. 

Preliminary experiments indicate that increasing carbohydrate synthesis in inoculated 
clover plants supplied with combined nitrogen, not only enables greater nodule de- 
velopment to take place, but allows the fixation of a small but definite quantity of free 
nitrogen. This fixation occurs even though an excess of combined nitrogen is available 
to the plant. These data strongly support the thesis that the carbohydrate-nitrogen 
relation is an important, though probably not the sole, factor in controlling nodule 
formation and nitrogen fixation by inoculated leguminous plants in the presence of 
combined nitrogen. 


Conclusions.—Nitrogen fixation by leguminous plants is usually limited 
by the carbohydrate synthesis in the plant. The latter, ordinarily a 
function of the percentage of CO, in the atmosphere, is rarely sufficient 
to allow maximum development of the nodules with respect to either size 
or number. This limitation in the growth of the nodules is usually ac- 
companied by a limitation in the quantity of nitrogen fixed. If carbo- 
hydrate synthesis is increased, the number of nodules likewise increases; 
the size of nodules increase only if the other factors, e.g., percentage of 
oxygen or nitrogen, are not restricting nitrogen fixation. 

It appears that the normal distribution of nodules, on or near the tap- 
root, might be a manifestation of the carbohydrate level in the plant. The 
carbohydrate available to the bacteria which enter the lateral roots may 
be too small to allow development of nodules at many of the points of 
invasion. Competition for carbohydrate may also cause the observed 
small numbers of nodules to develop from the much more numerous points 
of invasion on the primary root. Any factor that tends to raise the 
carbohydrate level, e.g., high percentage CO:, low percentage oxygen or 
nitrogen, causes the increased formation of nodules at invaded points. 
Likewise, inoculation with an ineffective strain results in a low nitrogen- 
high carbohydrate plant, characterized by development of many nodules 
on the lateral roots. 
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The detrimental effects of combined nitrogen on nodule formation can 
be explained at least in part by the consequent lowering of the carbo- 
hydrate level in the plant through synthesis of protein. If the carbo- 
hydrate level is raised, e.g., growing the plant in an atmosphere con- 
taining additional CO:, the effects of added combined nitrogen are to 
some extent overcome. 

* Herman Frasch Foundation in Agricultural Chemistry, Frasch Paper No. 79. 
Contribution from the Departments of Agricultural Bacteriology and Agricultural 
Chemistry, University of Wisconsin. 

1A paper in process of publication entitled, “Carbohydrate Supply as a Primary 
Factor in Legume Symbiosis,” by Franklin E. Allison, Bureau of Chemistry and Soils, 
gives an interpretation and summary of the available information on this subject. 

2 Wilson, P. W., and Georgi, C. E., Bot. Gaz., 94, 346-363 (1932). 

3 Wilson, P. W., Fred, E. B., and Salmon, M. R., Soil Sct., 35, 145-165 (19383). 
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A PRELIMINARY REVISION OF THE PERENNIAL SPECIES OF 
ERIOPHYLLUM 


By LINcOoLN CONSTANCE 
DEPARTMENT OF BOTANY, UNIVERSITY OF CALIFORNIA 


Communicated May 21, 1934 


Eriophyllum, a small genus of western North American Helenioid Com- 
positae, was described by Lagasca (Gen. et Sp., 28 (1816)). The early 
loss of the type specimens, together with certain other contributing factors, 
placed the validity of the generic name in doubt until the situation was 
clarified by Asa Gray (Proc. Am. Acad., 19, 22-26 (1883)). 

The annual species have been admirably revised by H. M. Hall (Univ. 
Calif. Publ. Bot., 3, 180-187 (1907)), but the status of the individual 
perennial species has been interpreted very differently by successive 
authors: Gray (Syn. Fl., 1:2, 329-331 (1884) and ed. 2, 1:2, 452 (1886)) 
recognized, for all North America, 6 species and 7 varieties, and Rydberg 
(N. Am. FI., 34, 87-96 (1915)), 39 species and 0 varieties; Jepson (Man. 
Fl. Pl. Calif., 1115-1119 (1925)), for the California flora, 6 species and 13 
varieties, and Greene (Bull. Calif. Acad., 2, 404 (1886-87); Putt., 3, 185 
(1896) and FI. Franc., 442-445 (1897)), 13 species and 2 varieties. 
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Field study, garden culture and herbarium research, a three-fold sys- 
tematic investigation, has revealed that many of the described segregates 
are not natural entities but merely extreme variants of highly polymorphous 
species. The elevation of these to specific rank has tended to obscure 
the clear-cut natural divisions within the genus and to diminish the sig- 
nificance of the specific category. Of the approximately 100 specific and 
varietal names referable to Eriophyllum perennials, it is proposed to 
retain 5 species and 11 varieties. 

The perennials are restricted to the region lying between the Rocky 
Mountains and the Pacific Ocean, from southern British Columbia, 
south to Nevada and Lower California. The center of dispersal was 
probably located somewhere in the California Inner Coast Ranges between 
San Francisco Bay and the junction of the Los Angeles Ranges with the 
Sierra Nevada. The Eriophyllum lanatum forms, morphologically the 
more primitive, occupy almost the entire range of the perennial species. 
In southern California, they are represented by two nearly, or quite, 
distinct varieties, var. obovatum, in the San Bernardino and adjacent 
mountains, and var. Halli, in the mountains near Fort Tejon. A single 
collection of the species is known from Guadalupe Island, 200 miles south- 
west of the southern boundary of California, but the plant does not 
separate readily from var. grandiflorum of the Sacramento Valley and 
Sierran foothills. These isolated populations appear to be relicts of a 
once more abundant distribution, possibly left by the northward advance 
of the species, or by receding southward waves of migration, or by differen- 
tiation with elimination of intermediates, all through the action of in- 
creasing aridity. From central California through the Klamath region, 
E. lanatum is broken up into about 6 less well defined, intergrading re- 
gional types, while, in the Pacific Northwest, the species is nearly homo- 
genous, save for the two varieties developed on opposing sides of the 
summit of the Cascade Mountains. 

Synopsis of the Perennial Species—a. Hds. 1.5 cm. or less in breadth, 
sessile or short-pedune. (3 cm. or less) in terminal clusters. 

1. LEriophyllum Nevinii Gray.—Lvs. equally tomentose on both sur- 
faces; invol. bracts 8-12, oblong, little overlapping; rays 4-6, ligs. 2 mm. 
long, 1 mm. broad: San Clemente and Santa Catalina islands, California. 

2. LEriophyllum staechadifolium Lag.—Lvs. glabrate above, tomentos 
beneath; invol. bracts 8-12, oblong, little overlapping; rays 6-9, ligs. 
3-5 mm. long, 2-3 mm. broad: coastal, Coos Bay, Oregon, to Santa 
Barbara Co., Calif., and adjacent islands. 

Bahia artemisiaefolia Less. (1830), the phase with pinnatifid leaves, 
is probably inseparable from the species, foliar characters being generally 
unreliable throughout the genus. 

3. Eriophyllum confertiflorum (DC.) Gray.—Invol. bracts 4-7, ovate, 
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strongly overlapping; rays 4-6 (often wanting): cismontane central and 
southern California to Lower California, and in the Sierra Nevada, north 
to Calaveras Co. 

The long recognized vars. trifidum (Nutt.) and laxiflorum of Gray 
(1883) represent independent variables, affecting two different sets of 
organs, presenting no contrasting characters, one with the other. Greene’s 
var. discoideum, a high altitude phase, seems to be indistinguishable from 
other responses of the species to similar habitats, although it may be 
possible that some genetically distinct races exist at high elevations. 

Rydberg’s numerous segregates from this polymorphous species (Erio- 
phyllum latilobum, trifidum (Nutt.), cheiranthoides, tenuifolium (DC.), 
biternatum, tridactylum and crucigerum (1915)) probably do not represent 
any natural populations: the characters used to distinguish these phases 
do not allow for the high degree of variability displayed by the species. 
(Bahia confertiflora and tenuifolia DC. (1836); B. trifida Nutt. (1841)). 

var. tanacetiflorum (Greene) Jepson.—Similar to the species, but stouter 
and more woody, and all floral structures larger and more numerous: 
central Sierra Nevada, California. 

AA. Hds. 1.5-3 cm. broad, long-pedunc. (3 cm. or more), solitary or 
loosely corymbose. 

4. Eriophyllum Jepsonit Greene.—Plants shrubby throughout: nar- 
rowly endemic to the Coast Ranges of central California. 

5. riophyllum lanatum (Pursh) Forbes.—Plants woody only at, or 
immediately above, rootcrown: Rocky Mountains to the Pacific Ocean, 
from southern British Columbia to southern California and Guadalupe 
Island. 

From this most complex species, many segregates have been suggested, 
until 71 of the published names are referable here. Field study showed 
that most of these are interconnected by unbroken series of intermediates, 
preventing their separation into distinct species. However, at least 10 
regional phases may be recognized within this aggregate, although each 
exhibits wide variation, and intergrades on the borders of its range. 

a. Tube of disc-corollas glabrous. 

var. Hallii var. nov.—Foliis in circumscriptione ovatis, latis tenuibusque, 
omnibus pinnato-incisis aut pinnatifidis, inferne laxe floccosis, sed superne 
glabrescentibus; floribus disci numerosis (75-100), tubis ex usu glabris; 
achaeniis anguste oblongis, basi longe attenuatis, pilis curtis albisque plus 
minusve pubescentibus; pappis 8-12 paleas 1.5-2 mm. altas includenti- 
bus. 


Type loc.: vicinity of Old Fort Tejon, Kern County, Calif., Upper 
Sonoran Zone, 3500 ft., June 16-19, 1905, collected by H. M. Hall 6262 
(Univ. Calif. 69,063). . 

This is known only from the type collection and from that of F. V. 
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Coville & F. Funston 1184, in the mountains south of Fort Tejon, 1891 
(USNH). The new variety is named for the late Harvey Monroe Hall, 
author of the Compositae of California. 

aa. Tube of disc-corollas conspicuously glandular or glandular-hairy. 

b. Plants usually cespitose, mostly less than 2 dm. high; hds. solitary; 
invols. campanulate, of 6-8 chartaceous bracts, tending to become dis- 
crete; rays 6-8. 

var. integrifolium (Hook.) Smiley.—The high altitude form of the 
species, ranging from the central Rocky Mountains to the Cascade-Sierra 
summit, and on the intervening plateaus. 

The characters upon which this has been subdivided are chiefly those 
of achene indumentum, leaf division and pappus length. Investigations 
would seem to show that none of these is reliable, or of specific value. 
While it is probable that regional facies are recognizable, these have 
not as yet been well delimited, so all forms are retained in this large aggre- 
gate. (Trichophyllum integrifolium Hook. (1833); T. multiflorum Nutt. 
(1834); Bahia gracilis H. & A. (1838); Eriophyllum Watsonii Gray 
(1883); E. lutescens, monoense and trichocarpum Rydb. (1915); E. neva- 
dense Gdgr. (1918).) 

bb. Plants mostly 2-10 dm.; involvs. hemispheric, of 8-15 subcoria- 
ceous, overlapping bracts; rays 8-15. 

c. Lvs. equally tomentose on both surfaces; margins plane. 

var. lanceolatum (Howell) Jepson.—Ligs. oblong; achs. hairy: Klamath 
(Siskiyou) region. (Eriophyllum lanceolatum Howell (1900); E. Rixfordii 
Eastw. (1931).) 

var. obovatum (Greene) Hall.—Ligs. oval; achs. glabrous: mountains 
of southern California. (Eriophyllum obovatum Grenne (1895); E£. 
brachylepis Rydb. (1915).) 

cc. Lwvs. less tomentose above than beneath; margins revolute. 

d. Pap. reduced to a crown, teeth mostly shorter than areole. 

var. arachnoideum (F. & L.) Jepson.—Lvs. loosely floccose beneath; 
achs. glabrous, turbinate; redwood belt of central coastal California. 
(Bahia arachnoidea F. & L. (1842); B. latifolia Benth. (1844); Erio- 
phyllum Brownti Eastw. (1925).) 

var. croceum (Greene) Jepson.—Lvs. silky-lanate beneath; achs. 
glabrous, turbinate: Transition Zone of the Sierra Nevada. 

This variety is almost indistinguishable from the last, but is widely 
separated from it in range. (Eriophyllum croceum Greene (1895).) 

dd. Pap. various, but exceeding areole. 

var. cuneatum (Kell.) Jepson.—Basal caudex strongly suffruticose and 
spreading: northern Sierra Nevada, 4000-7000 ft. 

Eriophyllum chrysanthum, cuneatum (Kell.), Bolanderti and Cineraria 
Rydb. (1915) are unnatural segregates of var. cuneatum, based on un- 
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stable variations of foliage, pappus and achene surface. (Bahia cuneata 
Kell. (1873).) 

var. achillaeoides (DC.) Jepson.—Rootstock short and less woody; 
ligs. 8-10 mm. long; achs. short, turbinate: Klamath region, through 
the Coast Ranges to central California, 100-4000 ft. (Bahia achillaeoides 
DC. (1836); Eriophyllum ternatum Greene (1896); E. idoneum Jepson 
(1901); E. Greenet Elmer (1906); E. Cusickit Eastw. (1915).) 

var. grandiflorum (Gray) Jepson.—Rootstock short and not conspicu- 
ously woody; peduncs. mostly 1-3 dm.; ligs. 10-20 mm. long; achs. 
clavate, appressed-pubescent: Sierra Nevada foothills and Sacramento 
Valley; also collected, by Palmer, on Guadalupe Island, Lower California, 
1875 (GRAY); 100-4000 ft. (Bahia lanaia var. grandiflora (1876); 
Eriophyllum speciosum Greene (1893).) 

var. typicum nom. nov.—(Eriophyllum lanatum (Pursh) Forbes, Hort. 
Woburn., 183 (1833)). Rootstock short and not conspicuously woody; 
peduncs. 3-10 cm.; ligs. 10-20 mm.; achs. narrowly oblong, glabrous: 
Pacific Northwest, west of the Cascade summit, and along the Columbia 
River and its tributaries to Idaho and Montana, 0-5000 ft. (Actinella 
lanata Pursh (1814); Eriophyllum caespitosum Dougl. (1828); Bahia 
leucophylla DC. (1836); Eriophyllum pedunculatum Hel. (1898); E. 
Harfordu and superbum Rydb. (1915).) 


OBSERVATIONS UPON GROWTH FROM THE VIEWPOINT OF 
STATISTICAL INTERPRETATION 


By H. C. SHERMAN AND H. L. CAMPBELL 


DEPARTMENT OF CHEMISTRY, COLUMBIA UNIVERSITY 


Communicated May 10, 1934 


Both in actual studies of the growth process and in researches which 
utilize growth experiments for the investigation of certain aspects of the 
chemistry of nutrition, it is frequently desirable to make simple statistical 
interpretation of growth data; but there has hitherto been little direct 
evidence on the fundamental problem of their frequency distribution. 

This paper presents the results of observations tabulated and charted 
to show the degree in which such data have actually approximated the 
symmetrical distribution which is assumed as the basis of the usual statis- 
tical interpretation. 

In the course of our work with white rats as experimental animals, we 
have had opportunity to make considerable numbers of comparable ob- 
servations, first, upon growth in body weight during a given interval in 
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early life (in this case the fifth to eighth weeks, inclusive), and, second, upon 
the weight at the age of 28 days, that is, the total growth from conception 
until four weeks after birth. The chief numerical data are briefly sum- 
marized in table 1. 

TABLE 1 


SUMMARY OF NUMERICAL DATA 






























































GAIN 28TH TO 56TH DAY WEIGHT AT 28 Days 
(FIG. 1) ON DIET B (FIG. 2) ON DIET A (FIG. 3) 
MALES FEMALES MALES FEMALES MALES FEMALES 
Number of cases 1458 1942 5285 5398 3092 3243 
Mean 84.3 65.6 41.8 40.2 | 37.3 36.6 
Median 85.7 66.9 42.0 40.4 37.4 36.7 
Mode 88.5 69.5 42.4 40.8 37.6 36.9 
Coefficient of variation 
(from mean) 23.7 21.2 21.6 20.8 20.5 20.7 
Skewness —0.21 —0.28 —0.10 —0.07 —0.04 —0.04 
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FIGURE 1 


Growth in body weight, 28th to 56th days: (Left) data of 1458 males, 
skewness —0.21; (right) data of 1942 females, skewness —0.28. 


Figure 1 shows, for males and females, respectively, the growth in body 
weight from the age of 28 days to that of 56 days, during which time the 
animals were given ad libitum a food mixture consisting of one-third dried 
whole milk and two-thirds ground whole wheat, with table salt and dis- 
tilled water. This food supply (Diet B, Diet 13) meets all the nutritional 
requirements of the rat, but does not induce a particularly rapid growth. 

Figure 2 shows similarly for males and females, respectively, of families 
on this same diet, the distributions of the data of body weight at 28 days of 
age. 
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Body weight at 28 days of age: (Left) data of 5285 males, skewness —0.10; 
(right) data of 5398 females, skewness —0.07. 
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Body weight at 28 days of age: (Left) data of 3092 males on diet in- 
ducing slower growth, skewness —0.04; (right) data of 3243 females on 
diet inducing slower growth, skewness —0.04. 
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Figure 3 shows the distribution of corresponding data of male and female 
rats from families subsisting upon a food supply which induces slower 
growth (Diet A, Diet 16). There is here the same good approximation to a 
symmetrical distribution of the growth data as in case of the animals on 
Diet B described above. Apparently this is true also for growth at higher 
rates than on Diet B. Thus, in such a series now in progress, 676 males 
show mean, median and mode of 52.8, 53.1 and 53.7 grams, respectively, 
with a degree of skewness of —0.11; and 649 females show 49.7, 50.2 and 
51.2 grams, respectively, with skewness of —0.21. 

Thus, for each sex, for two different segments of the growth cycle, and 
for experimental animals on three diets inducing distinctly different rates 
of growth, the growth data show so close an approximation to symmetrical 
frequency distribution as to add much to the confidence with which one 
may employ the usual methods of statistical interpretation. 


A SPECTROGRAPHIC STUDY OF THE OCCURRENCE OF CHRO- 
MIUM AND MOLYBDENUM IN CARCINOMA OF THE HUMAN 
BREAST 


By ANDREW DINGWALL AND H. T. BEANS 
SPECTROGRAPHIC LABORATORIES, DEPARTMENT OF CHEMISTRY, COLUMBIA UNIVERISTY 


Communicated May 18, 1934 


A systematic study, by us, of the inorganic constituents of human 
tumors has been under way for several years and the present report deals 
with the occurrence of molybdenum and chromium in human breast 
tumors. 

Molybdenum.—The occurrence of molybdenum in plants was dealt 
with in a previous communication. The literature on the presence of 
molybdenum in animals is very meager. A survey by Ter Meulen? showed 
it to be present in various parts of the more common domestic animals. 
He reported it to be present in one human liver and in calf, beef, hog, 
chicken and cod liver. Two human spleens contained molybdenum as 
did calf, beef and hog spleens. An examination of various liver prepa- 
rations for the alleviation of anaemia revealed the presence of molyb- 
denum. Other parts of animals, e.g., blood, bone, stomach and bile, 
also cow’s milk, were examined and molybdenum was found. The findings 
of Mankin,* that molybdenum is present in the white of hens’ eggs but 
not in the yolk, were confirmed. Ter Meulen took 5 mgrms of molyb- 
denum, as ammonium molybdate soluticn, and examined his feces and 
urine for the next three days. 3.63 mgrms. were eliminated in the feces 
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and 2.12 mgrms. in the urine during the three days. He therefore con- 
cluded that molybdenum was easily eliminated. 

Agnoli‘ reported on some preliminary pharmacological experiments with 
molybdenum. He found that the administration of ammonium molybdate 
decreases the coagulation time and the sedimentation rate of the blood. 

Waltner® found that there was a slight impairment of growth when the 
diet of rats contained 2% molybdenum. 

Suguira,® studying the effect of various salts of metals fed to rats in- 
oculated with Flexner Jobling rat carcinoma, found that at 0.2% solution 
of sodium molybdate in the diet intake of 16.3 mgrms. daily for eight weeks, 
the animals gained weight slightly, their appearance being good. Using 
five rats for inoculation, three tumors grew rapidly, one grew slowly and- 
one retrogressed. 

We have been unable to find any reference to the occurrence of molyb- 
denum in human tumors. 

Chromium.—The occurrence of chromium in human tumors was re- 
ported by us in a previous communication.’ The present study being an 
extension of our former work does not include the specimens previously 
reported on. We have reviewed the literature on the occurrence of 
chromium in soils and plants in a recent publication.*® 

Experimental.—(a) The tumor samples—The tumor samples were 
obtained from the Memorial Hospital and the Presbyterian Hospital, 
New York City. The handling of the containers is described elsewhere.’ 
In addition a number of specimens were obtained in silica basins. They 
were cleaned by fusing potassium bi-sulphate in them, the melt removed 
with hot water and finally prolonged washing with distilled water. The 
basins were carried to and from the hospitals in desiccators. Before 
being placed in the containers the specimens were well washed with dis- 
tilled water. 

(b) Preparing the Samples for Spectrographic Analysis ——The necessity 
for using ‘‘spectroscopically pure’’ reagents and ‘‘spectroscopically clean’ 
apparatus becomes apparent when it is realized that the quantity of 
molybdenum and chromium present in a test portion is in the neighborhood 
of 10~* mgrms. 

The major portion of the organic matter in many cases was destroyed 
by refluxing with nitric acid in a transparent quartz flask, the condenser 
also being transparent quartz. 

The nitric acid was distilled in a special all Pyrex still. The flask was 
immersed in a boiling water bath, and fitted with a steam jacketed still 
head to prevent creeping of the acid during distillation. A stream of 
filtered air was drawn over the surface of the liquid thus removing the 
vapor which was subsequently condensed and caught in a Pyrex receiver. 
The first and last portions of each run were discarded and the acid was 
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distilled three times. Only freshly distilled acid was used for the oxida- 
tion of the tumors. 

Each specimen was dried in a clean silica basin at 100°C. overnight 
in a Freas electric oven and weighed. Ten cc. of redistilled nitric acid 
were used to transfer the specimen from the basin to a transparent quartz 
flask with a transparent quartz reflux condenser. If the specimen were 
large, about two grams, a further ten cc. of nitric acid were added for the 
oxidation. Oxidation at the boiling temperature was carried out for 
about ten hours. The mouth of the condenser was covered to prevent 
contamination from dust. The contents of the flask were transferred to 
a clean silica basin and evaporated to dryness as described in an earlier 
publication.? The residue was dissolved in one cc. of redistilled nitric 
acid and transferred to a quartz volumetric tube. Further portions of 
acid were used to wash the basin. The pipette, having a very fine orifice, 
was used in place of a wash bottle. The tube was immersed in a boiling 
water bath and the contents of the tube concentrated using a slow stream 
of filtered air through the system. If the tumor mass, dry, weighed one 
gram the solution was concentrated to one cc., if 0.8 gram to 0.8 cc. 
The volumetric tube held a little over three cc. and was calibrated in 
0.05 ce. 

The concentrate was then poured into a clean micro quartz beaker, 
transparent, holding about 0.5 cc., the quartz being cleaned with fusion 
with potassium bi-sulphate, etc. 

0.2 cc. of this solution, corresponding to 0.2 grams of the dried tumor, 
was used for the spectrographic analysis. Using a micro-burette the 
0.2 cc. were added in portions of 0.01 cc. to a graphite electrode (1) the 
electrode being gently warmed after the addition of each drop. 

The second method employed was to cut the tumor mass into small 
pieces using clean platinum tipped forceps and surgical scissors immediately 
on return to the laboratory from the hospital. The scissors were thor- 
oughly scrubbed with soap and water using a nail brush, washed well with 
water and finally with distilled water. About 0.5 gram of tumor, wet, 
was thus cut up and transferred one piece at a time to the lower electrode 
in the arc stand. 

(c) Spectrographic Technique——A Hilger El spectrograph was used in 
conjunction with a logarithmic sector. A sphaero cylindrical quartz 
condensing lens was used to focus the image of the arc on the slit. To 
facilitate keeping the image on the slit the lens holder was mounted on a 
coarse screw one revolution of the screw causing the lens to travel about 
three quarters of an inch. The speed of the sector was about 400r. p. m. 
The are was operated at 10 amperes, 220 volts d.c., the length of the arc 
being 2 mm. The exposure time was two minutes and in most cases 
the sector was then removed and a further exposure of two minutes was 
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given through the middle opening of the Hartmann diaphragm, another 
portion of the plate being used. 
(d) Identification of Molybdenum.—The lines used for the identification 
of molybdenum were 3193.35 A, 3170.35 A, 3158.16 A and 3132.60 A. 
(e) Identification of Chromium.—Chromium was identified by the 
following lines, 3578.7 A, 3593.5 A, 3605.3 A, 4254.3 A and 4274.8 A. 
Molybdenum was found in the following tumors: 


Memorial Hospital, New York City 

E622—Solid medullary carcinoma of breast. Grade II R.R. Meta- 
static to axilla. 

E709—Infiltrating duct carcinoma of breast. Grade III. Meta- 
static to axilla. 

E1020—Alveolar carcinoma of breast, sweat gland atypical type. 
Grade II + R.R. 

E1438—Mammary carcinoma. Grade II+. Metastatic to axilla. 

E2902—Liver from autopsy. Epidermoid carcinoma of bladder. 
Grade IV. 


Presbyterian Hospital, New York City 
48860—Intracanicular fibroma of female mammary gland. 
49028—Carcinoma of female mammary gland. Papillary cystoadenoma. 
Chromium was found in the following tumors: 


Memorial Hospital, New York City 

D6291—Infiltrating duct carcinoma, breast. Multiple foci of origin, 
metastatic to axilla. Grade II R.R. 

E2183—Large alveolar carcinoma of breast with infiltration. Grade 
III R.S. node atrophic. 

E1535—Small cell infiltrating carcinoma of breast. Grade III. Meta- 
static to axilla, probably R.S. 

E1302—Infiltrating duct carcinoma of breast. Grade II R.R. Nodes 
free. 

E2902—Liver from autopsy. Epidermoid carcinoma of bladder. 
Grade IV. 


Presbyterian Hospital, New York City 
49028—Carcinoma of female mammary gland. Papillary cystoadenoma. 
50334—Carcinoma of female mammary gland with metastases in 
axillary lymph gland. 


Remarks.—In all, twenty-four specimens of breast carcinoma and one 
fibroma were obtained from the Presbyterian Hospital and thirty-five 
specimens of carcinoma of the breast from the Memorial Hospital. With 
the exception of 49028 the specimens containing molybdenum did not 
contain chromium and those containing chromium did not contain molyb- 
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denum. Neither chromium nor molybdenum was found in the spleen 
of E2902. 

Nothing is known of the rédle of either chromium or molybdenum in the 
animal economy. Chromium and molybdenum belong to the oxidation 
reduction type of element and although their significance is unknown in 
human tumors yet it is more than possible that they have a definite and 
active réle in the metabolism of the tumor cell. 
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THE ABSENCE OF AUTONOMY IN THE DEVELOPMENT OF 
THE EFFECTS OF CERTAIN DEFICIENCIES IN DROSOPHILA 
MELANOGASTER 


By Boris Epurussi! 
INSTITUT DE BIOLOGIE, PARIS, FRANCE 


Communicated May 16, 1934 


In a recent paper presented at the Sixth International Congress of 
Genetics, Sturtevant? indicated the significance of mosaics for the study 
of the developmental effects of genes. 

One of the important questions in this field is that of the autonomous 
or non-autonomous development of characters. It has been known, 
since the work of Morgan and Bridges,* that in gynandromorphs of Droso- 
phila melanogaster which result from elimination of one of the X chromo- 
somes, the development of sex and certain sex-linked characters is per- 
fectly autonomous. It has been found since that this autonomy of the 
differentiation of characters is not a general rule. Sturtevant? indicates 
a series of cases in which the differentiation of the character is influenced 
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by the genotypic constitution of the surrounding tissues. This lack of 
autonomy of development of a character has been observed, for example, 
in the case of the genes scute, Bar, vermilion, etc. 

The question of the autonomous differentiation of the effects of de- 
ficiencies has recently been examined by Demerec.* This author has 
shown that if in a female of D. melanogaster, one X chromosome is elimi- 
nated during somatic cell division (as an effect of a Minute gene), then if 
the other X chromosome carries a deficiency, the cells in which this elimi- 
nation has taken place are not viable. This result indicates that the 
lethal effect of the deficiency is not influenced by the viability of the sur- 
rounding cells and seems to show that the lethal effect is autonomous in 
development. 

At the suggestion of Professor A. H. Sturtevant I have made a similar 
study of two deficiencies in the X chromosome, the scute-8 deficiency 
which involves the yellow to achaete interval with the remainder of the 
chromosome inverted, and the deficiency 100 (obtained by Mrs. L. V. 
Morgan) in which the yellow, achaete and scute genes are lost. A female 
heterozygous for the deficiency mated to a normal male produces daughters 
which, since they receive a normal X from the father, are all viable; among 
the males, which receive only a Y chromosome from the father, there is 
a class which is inviable because it carried no section homologous to the 
deficient region. This class can be saved by the introduction of a duplica- 
tion covering the deficient region. 

The duplication scute-10-2 was used in these experiments because it 
was observed by Sturtevant (unpublished) that it is frequently elimi- 
nated during somatic divisions. This elimination leads to the production 
of mosaics which are visible if the X chromosome contains genes the 
manifestation of which is suppressed by the allelomorphs carried in the 
duplication. 

Females heterozygous for the deficiency were crossed with scute-10-2 
duplication males, that is, males which carry, in addition to a normal X 
and Y chromosome, a fragment containing the normal allelomorphs of 
the genes yellow and silver and the mutant genes achaete and scute; the 
X chromosome of the male was marked by the gene apricot and the normal 
X of the female by the genes yellow and Hairy wing. Under these condi- 
tions the males carrying the deficient X chromosome were identifiable by 
the genes used as markers (w*, +” and ac). 

In my experiments the duplicating fragment insured the viability of the 
males carrying the deficient X chromosome but the fragment was elimi- 
nated in certain cells which consequently were of a genotypic constitution 
unattainable in a whole fly. But in this case these groups of cells were 
surrounded by viable .cells. 

The spots always appeared on the fifth, sixth and seventh abdominal 
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segments and were visible as yellow patches on a black background (loss 
of the normal allelomorph of yellow). The size of the patches indicated 
immediately that the cells constituting them were able to divide. Studies 
of the chitin showed, moreover, that these spots were covered with hairs 
and bristles of normal size and number. This fact constitutes sufficient 
proof of the viability of the hypodermal cells which form the hairs and 
bristles. These results, identical in the case of the two deficiencies studied, 
show that the lethal effect of the deficiency is suppressed by the viable 
surrounding tissues. 

It should be pointed out that the absence of the +” locus in the cells of 
the spots provokes the appearance of yellow color. Some of the bristles 
in spots, the cells of which have no yellow locus, are yellow; but it was 
not possible to establish any relation between color and position of the 
bristles in the spots. 

In order definitely to establish that the spots were the result of the 
elimination of the fragment, crosses of duplication males were made with 
silver females. In agreement with expectation, it was found that half 
of the males showed silver spots, the silver color of the remainder of the 
fly being suppressed by the normal allelomorph in the duplication. These 
silver spots differed from the yellow spots in that they were much larger, 
a fact which shows that in this cross elimination of the fragment occurs 
at an earlier stage of development. 

It is concluded that groups of deficiency-carrying cells surrounded by 
cells of normal constitution are viable in the case of the two X chromosome 
deficiencies studied. 

The writer wishes to express his appreciation for the many helpful 
suggestions of Professors Sturtevant and Dobzhansky and Doctors Schultz 
and Beadle. 
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NEW CREODONTA FROM THE SESPE UPPER EOCENE, 
CALIFORNIA 


By CHESTER STOCK 


BaLcH GRADUATE SCHOOL OF THE GEOLOGICAL SCIENCES, CALIFORNIA INSTITUTE OF 
TECHNOLOGY 


Communicated May 28, 1934 


Introduction.—In contrast to the Hyznodontide and the cercoleptoid 
miacid occurring in the uppermost Eocene fauna of the Sespe deposits 
north of the Simi Valley, the Creodonta now known from the upper Eocene 
stage of this region include two representatives of the Miacide. One of 
these, herein described as a new genus, is important because of its close 
relationship to a form recorded by Peterson! from the Uinta upper Eocene 
of Utah. 

Tapocyon occidentalis, n. gen. and n. sp. 

Type Specimen.—P4 and M1 of right side, representing one individual, 
No. 1654 Calif. Inst. Tech. Vert. Pale., plate 1, figure 1. 

Paratype-—A fragmentary left ramus with canine, P2, P3, M1 and 
M2, No. 1655, plate 1, figure 3. 

Referred Specimens.—Several fragments of rami with teeth, Nos. 1650 
(plate 1, figure 5), 1652, 1653, M1, No. 1651 and M1, No. 1649 (plate 1, 
figures 2 and 4, 4a). 

Locality—Tapo Ranch, Sespe Upper Eocene deposits north of the Simi 
Valley, California, Locality 180 Calif. Inst. Tech. Vert. Pale. 

Characters —M1 more like that in Procynodictis than like that of Uinta- 
cyon in outward projection of parastyle, but differing from former and 
agreeing with latter in absence of hypocone. M1 more compressed antero- 
posteriorly than in Uintacyon, Procynodictis or in Miacis. P4 differs 
from Ujintacyon and is more like that in Procynodictis in absence of well- 
developed parastyle. M1 with the trigonid shear directed more forward 
than in Uintacyon. Talonid relatively more reduced than in Procynodictis 
and in Miacis, with principal cusp crest-like and situated nearer middle 
anteroposterior line of heel. Posterior lower molars small. Resembles 
Prodaphenus (?) robustus in known features of jaw and lower dentition, 
differing principally from this type in presence of ledge on inner side of 
posterior region of P4. 

Comparisons.—Tapocyon in contrast to Uintacyon shows a slightly 
greater anteroposterior narrowing of the first upper molar and a distinctly 
greater projection of the anteroexternal corner of the tooth, representing 
an extension of the parastyle. The paracone is a larger cusp than the 
metacone. An anterior cingulum swings along the base of the parastyle 
and ends in a tiny eminence on the occlusal surface to form the proto- 
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conule. The posterior cingulum, which at the inner base of the metacone 
expands slightly to form an incipient metaconule, is continued forward 
around the inner base of the protocone and ends on the anterior side at 
the base of the protoconule. No hypocone is present as in Procynodictis. 

In P4 the protocone projects less toward the inner side and more anteriorly 
than in Uintacyon, so that the cusp is almost in line with the shearing 
blade. In this respect the tooth is more like that in Procynodictis and 
in Miacis than like that in Uintacyon. A well-developed parastyle appears 
to have been absent. Unfortunately, the anterior end of the base of the 
paracone is broken in specimen No. 1654, but the position of the root which 
surmounts this region suggests an absence or at least rudimentary de- 
velopment of a parastyle. 

The lower dentition is best represented in the paratype, No. 1655, but 
additional characters are seen in the referred specimens. In so far as 
comparisons can be made, our form resembles closely the species of Pro- 
daphenus (?) robustus from the Uinta. The crown of the canine may 
have been relatively small and is oval in cross-section. The two anterior 
premolars are considerably more reduced in size than P3 and P4. Pi is 
single-rooted. P2 is two-rooted with a size of crown decidedly smaller 
than that of P3. The latter tooth is smaller than P4, but the difference 
in size between these two teeth is not so great as the difference between 
P3 and P2. These characters have been pointed out likewise by Peterson 
for P. (?) robustus. P3 possesses a small anterior basal cusp and a larger 
posterior basal cusp and posterior cingulum. P4,.as shown particularly 
in one of the referred specimens, No. 1650, possesses an anterior and a 
posterior basal cusp, the former turned inward somewhat while the latter 
is flanked internally by a cingulum which continues around to the posterior 
base of this cusp. Peterson describes this tooth in the Uinta species as 
having a large cutting heel and his illustration shows the region in back 
of the principal cusp in P4 to be compressed transversely, more so than 
is the case in our specimen. In one of the referred specimens, No. 1652, 
from the Simi, P4 although incomplete was apparently nearly as long as 
the first molar. In the type of Mtacis uintensis, Osborn? observes the 
presence of two cuspules behird the principal cusp. 


DESCRIPTION OF PLATE 1 
Tapocyon occidentalis, n. gen. and n. sp. 
Figure 1, type specimen, P4 and M1, No. 1654; figure 2, M 1, No. 1651; figure 3, 
paratype, No. 1655; ramus with canine, P2, P3, M l and M2; figures 4, 4c, M1, No. 
1649; figures 5, 5a, ramal fragment with P3 and P4, No. 1650. All figures X2. 


Miacis(?) hookwayi, n. sp. 


Figures 6, 6a, type specimen, Mi and M2, No. 1656; approximately x4. 
California Institute of Technology Collections. Sespe Upper Eocene, California. 
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M1 resembles closely the comparable tooth in Prodaphenus (?) robustus. 
While the three cusps comprising the trigonid are strongly developed, the 
talonid is relatively small and narrow. The length of the heel may be 
slightly greater than in Peterson’s type. In the Simi species the heel is 
characterized by a crested hypocone, the tip of which is situated well 
in from the lateral border, and an inner rim with intervening valley. The 
type of talonid found in the Simi form is suggestive of that seen in Uinta- 
cyon, and is at least noticeably different from the broadly basined heel 
found in Mtacis. 

M2 is greatly reduced in size with low trigonid and basined talonid. 
The characters displayed by this tooth are again very similar to those 
noted by Peterson for the comparable tooth in P. (?) robustus. M3 was 
apparently of small size and single-rooted. 

The lower jaw is heavy and the horizontal ramus does not lessen in 
depth anteriorly. A mental foramen is situated below the anterior border 
of P2 with a second small opening below P3. 

Relationships.—Tapocyon is a member of the Miacide, displaying 
certain characters, as for example, the anteroposterior compression of 
M1 and the more forwardly directed shearing blade in M1, in which it 
marks in advance beyond the stage represented by the Bridger genus 
Uintacyon. Although Tapocyon resembles Procynodictis in the extended 
parastyle of M1, this tooth in the former genus lacks the hypocone. If 
Procynodictis is intermediate between Miacis and Cynodictis, as Matthew 
regards it to be on the basis of known characters, the genus from the 
Sespe cannot be considered as closely related to the former type. 


Tapocyon appears to be most closely related to and probably congeneric 
with Prodaphenus (?) robustus from the Uinta. In fact, on the basis of 
comparable characters, the two forms appear to be closely related specifi- 
cally. Unfortunately, the name Prodaphenus was proposed by 
Matthew,’ in a list of the fauna from the Uinta, for the type Miacis uin- 
tensis. In the list, however, this designation was preceded by the name 
Prodaphenus scotti, and the latter type was described under that name 
as a new genus and species in a later paper. Subsequently,’ Proda- 
phenus uintensis was recognized as a subgenus under Mzacis. 


The characters of Tapocyon are widely removed from those of P. (?) 
(Uintacyon) scotti and likewise serve to distinguish the Sespe genus from 
typical members of Miacis in the Bridger Eocene. The relationship of 
the Sespe genus to Miacis uintensis is not entirely clear. Matthew has 
stated that M. uiniensis appears to be an aberrant form. The characters 
displayed by our material also suggest that Tapocyon was an aberrant 
type. Possibly M. uintensis belongs to the group represented by Tapocyon 
occidentalis and T. robustus. 
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MEASUREMENTS (IN MILLIMETERS) OF Tapocyon occidentalis 


REFERRED 
TYPE PARATYPE SPECIMEN 
No. 1654 No. 1655 No. 1650 
CLF. C.L.T. C.4.F. 
P4, length from anterior end of protocone to 
posterior end of metacone................ 16 
M1, greatest width from outer end of parastyle 
to inner side of protocone................ 14 
M1, anteroposterior diameter across paracone 
SIE TI ess iia 5 os Ac baad weiner is 6.9 
Length from anterior end of C to posterior end 
of alveolus for M3 (approx.).............. 63 
Length of premolar series (approx.).......... 34 
Length of molar series (approx.)............. 21 
PES Co) SRR REA ge hail Sena amare Oe 9.4 
edt) oo 0S SRE RE ea Ener egress teen 4.7 
PMR lb. oct Sis sscctare Moa eau e Be 12 
PUN OAMUR 6 88 a eee ae ae 5.6 


Miacis (?) hookwayi, n. sp. 


Type Specimen.—No. 1656 Calif. Inst. Tech. Vert. Pale., a lower jaw 
fragment with M1 and M2, plate 1, figures 6, 6a. 

Locality—Tapo Ranch, Locality 180 C.I.T. Vert. Pale. 

Description.—In absence of the upper dentition, this form is referred 
tentatively to the genus Miacis. The species is characterized by the 
broad basins developed on the talonids of the two molar teeth. No. 1656 
resembles closely in size the Bridger species Miacis parvivorus, but differs 
from the type specimen of the latter in the presence of a longer heel and 
more angulate posterointernal corner in M2. The external cingulum is 
also more strongly developed in the second molar of the Simi form than 
in M. parvivorus and the tip of the metaconid does not project inward as 
much as in the latter species. 

A well-developed cingulum is present at the base of the shearing blade 
of the trigonid in M1. The broad basin of the talonid in M1 and M2 is 
flanked by an external and internal crest. 


MEASUREMENTS (IN MILLIMETERS) 


No. 1656 
C.1.T. 
M1, anteroposterior diameter (approx.)......... 6.5 
M1, transverse diameter of trigonid............ 4 
M2, anteroposterior diameter................. 4.4 
M2, greatest transverse diameter.............. 3.2 


1 Peterson, O. A., Ann. Carnegie Mus., 12, 50-52, pl. 34, figures 4 and 5 (1919). 
2 Osborn, H. F., Bull. Amer. Mus. Nat. Hist.,'7,'77—78; figure 2 (1895). 

3 Matthew, W. D., Jbid., 12, 49 (1899). 

4 Wortman, J., and Matthew, W. D., Jbid., 12, 114~115, figure 1 (1899). 

5 Matthew, W. D., Mem. Amer. Mus., 9, pt. 4, 343 (1909). 
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A NOTE ON CREMONA TRANSFORMATIONS 
By GERALD B. Hurr 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated June 9, 1934 


In 1883 Kantor! stated and attempted a demonstration of a theorem 
which asserted that the satisfaction of a system of equations by a certain set 
of positive integers was sufficient to assure that these integers would repre- 
sent a planar Cremona transformation. Since then the theorem has been 
repeated several times in the literature. Recently Coolidge’ attached new 
significance to the theorem and supported it with essentially Kantor’s ar- 
gument. At that time Coble’* pointed out that the proof was not valid. 
Since then no rigorous proof has been furnished nor has any example ap- 
peared in the literature to disprove the theorem. The purpose of this 
paper is to present a point of view and some numerical examples which will 
show that the theorem is not true. 

We will put the problem more precisely. Let a homaloidal net* be de- 
fined by its order and multiplicities 5}, ..., s, at p points fi, ...,p,. By 
putting this net into projective correspondence with a net of lines, we set up 
a planar Cremona transformation C which is completely described by the 
linear substitution : 


’ 
Xy = MX — MX — .«.. —1, Xp 
, 
T,(C): x, = ie a Ts ce — ApiXp 
t 
XS = SK — Agshl — ..- —~Aggk,y (1) 


Here the integers n,7;, s; are necessarily positive and the integers a;; are 
positive or zero. T,,(C) leaves absolutely invariant the quadric and linear 
forms 

Q: 2 —x-—... — x3, 

L: 3% —%— ... = &» 


(2) 
As a consequence of this the integers ,7;, s;, aj; must satisfy the equations: 
Vs=n*-1, Vrianw—-1, Veh =itl, Lek =sjt+1 
Jj + J + 
Dis; = 3n — 3, Lin, = 8n — 3, Vai = 87; -— 1, Lay = 3853-1 (8) 
J + i . + 
Daisey = 17k» Dass; = 1r;n, Dejan = S7Sky Lasts = Sjn 


Gik = 1,2,....0: &39 ®). 
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That is, if we start with a Cremona transformation described by T,(C), 
then we obtain (3) as a consequence. 
On the other hand, let 7,(J+) be a linear substitution of the form (1) 
for which 
(a) n, 7, 55 > 0, ay S 0, 
and (b) Q, LZ are left absolutely unaltered. (4) 


The question arises: are the conditions (4) sufficient to assure that 7,(7+) 
describes a planar Cremona transformation? According to Kantor’s 
theorem, the answer is in the affirmative. We will show that the answer is 

_ in the negative; that is 
There exist linear substitutions T,(I+-) satisfying (4) which do not describe 


Cremona transformations. (5) 
Consider Q = 0, Z = 0 as a quadric and a linear space in a projective 
S,. Ifc = {c; a, ...,¢,} isa point on L, ie., if +... +0, = 3c then 
the equations of the harmonic perspectivity in ¢ and its polar space Cox) — 
(x; — ... — ¢,x, with respect to Q are® 
I,(c): x) = ¢,(Co% — a1 — ... — c,x,) + x, (6) 
(em ©, t,o... 5 ee 


This clearly leaves Q, Z unaltered and if we impose the restriction that 
ci+...+¢?=c} + 2, it is readily verified that Q, L are left absolutely 
unaltered by (6). Thus 

Every integer solution of the equations 


at... + ¢, = 3p 
a+... +teaé=a+2 (7) 
ytelds an I,(c) which leaves Q, L absolutely unaltered. 
For p < 10, all integer solutions of the equations (7) describe geometric 


D-conditions.* The transformations J,(c) formed for these must then be 
associated with existent Cremona transformations. For p = 11, this is no 


longer true. The solution {c; c;} = {3; 1!° — 1} determines an [,(c) 
which could not possibly describe a Cremona transformation since » = 10, 
nN=m%=... = = 3,%m = —3. By applying a quadratic transforma- 
tion to {3; 11° — 1} we obtain {5; 3719}, which contributes an J,(c) for 
which 2 = 26,7, > fr = 15,%=%= ... =fy= 5. Thisisa transforma- 


tion T,(J+) which does not describe a Cremona transformation. More- 
over, from the method of obtaining this one it is clear that there are a 
great many. 

We have seen that the group GT,(J) of linear substitutions with integer 
coefficients satisfying (3) is much larger than the group G7,,(C) for p $ 11. 
It would be interesting to know what restrictions must be added to the 
equations (3) to characterize the group GT,(C) completely. 
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1S. Kantor, Premiers Fondements pour une Theorie des Transformations Univoques, 
Naples, 297 (1891). 

2 J. L. Coolidge, Algebraic Plane Curves, Oxford, 487 (1931). 

3 A.B. Coble, Am. Math. Month., 39, 293 (1932). 

‘A. B. Coble, “Algebraic Geometry and Theta Functions,’’ Am. Math. Soc. Collog. 
Pub., 10, 10 (1929), New York City. 

5 See footnote 4, p. 17. 

6 A. B. Coble, ‘““Cremona’s Diophantine Equations,’ Am. Jour. Math., October issue 
(1934). 


DISTINCT GROUPS WHOSE SUBGROUPS ARE SIMPLY ISO- 
MORPHIC 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated May 30, 1934 


1. Introduction.—A necessary and sufficient condition that two abelian 
groups are simply isomorphic is that they contain the same number of 
operators of each order but when at least one of two given groups of the 
same order is non-abelian the question whether they are simply isomorphic 
cannot, in general, be decided by counting the number of their operators 
of each order. If they involve the same number of operators of each 
order but are not simply isomorphic they are said to be conformal, and 
all the abelian groups which are conformal with non-abelian groups have 
been determined.' Another definition of two conformal groups is that 
a (1,1) correspondence between all their different cyclic proper subgroups 
can be established in such a way that all these corresponding subgroups 
are simply isomorphic but that the entire groups are not simply isomorphic. 
In the present article we shall consider distinct groups which satisfy the 
stronger condition that a (1,1) correspondence between all of their proper 
subgroups can be established in such a way that all the corresponding 
subgroups are simply isomorphic but that the entire groups are not simply 
isomorphic. 

From the existence of such groups it results that it is not always possible 
to prove that two groups are simply isomorphic by considering only the 
properties of their proper subgroups. It should be noted that there are 
pairs of distinct groups in which all of the proper subgroups of the one 
are simply isomorphic with corresponding distinct subgroups of the other 
but in which the latter of these groups has subgroups which do not corre- 
spond to distinct subgroups ot the former. For instance, the non-abelian 
group of order p* which involves no operator of order p? contains p + 1 
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subgroups of order p? and these have corresponding subgroups in the 
conformal abelian group of order p* and of type (1,1,1) but the latter 
contains p? other subgroups of order p* and these have no corresponding 
subgroups in the former. Such pairs of groups will not be considered in 
what follows since we shall confine our attention to pairs of distinct groups 
which have the stronger common property that a (1,1) correspondence 
can be established between all the distinct proper subgroups of each one 
of them and all the distinct proper subgroups of the other so that all of 
the corresponding subgroups are simply isomorphic. 

2. One of the Groups Is Abelian.—If an abelian group G’ and a non- 
abelian group G have the property that a (1,1) correspondence can be 
established between all of their distinct proper subgroups in such a way 
that all of the corresponding subgroups are simply isomorphic then all of 
the proper subgroups of G are abelian. It is known that when the order 
of G is divisible by more than one prime number then G contains more 
than one Sylow subgroup of the same order? and hence it cannot be con- 
formal with an abelian group. We can therefore confine our attention 
to the case when the order of G is of the form p”, p being a prime number. 
Since G is non-abelian and all of its proper subgroups are abelian it is 
generated by every pair of its non-commutative operators. Every group 
of order »” which has two independent generators is known to have exactly 
pb + 1 subgroups of index p. Hence G and G’ have this property and the 
commutator subgroup of G is of order p. 

When one of the independent generators of G’ is of order p then G 
involves an operator of order p”~' and it is known that there is one and 
only one such non-abelian group when p > 2 and m > 2. When p = 2 
then m > 3 and there is again one and only one such G which is conformal 
with an abelian group. If the smaller invariant of G’ exceeds p and if its 
invariants are unequal then G contains an invariant subgroup of type 
(m — a, a — 1), where a < m/2. This subgroup has two sets of con- 
jugate subgroups of order p under its holomorph. The commutator 
subgroup of G can be chosen successively from each of these sets and the 
two resulting groups satisfy the condition in question but are not simply 
isomorphic. When the invariants of G’ are equal to each other there is 
only one such group. Hence there results the following theorem: Jf 
an abelian group of order p”, m > 2 when pis an odd prime number and 
m > 3 when p = 2, has two unequal invariants and if the smaller of them 
exceeds p then there are two and only two non-abelian groups which separately 
have the property that all of their proper distinct subgroups can be placed in a 
(1,1) correspondence with the proper distinct subgroups of this abelian group in 
such a way that all of the corresponding subgroups are simply isomorphic. 
If one of the two invariants of this abelian group is p or if its two invariants 
are equal to each other then there 1s one and only one such non-abelian group. 
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This theorem determines completely all the non-abelian groups which 
satisfy the condition that all of their proper distinct subgroups can be 
placed in a (1,1) correspondence with all of the proper distinct subgroups 
of an abelian group in such a way that all of the corresponding subgroups 
are simply isomorphic. The question when all the proper subgroups of 
two non-abelian groups can be placed in such a (1,1) correspondence is 
naturally much more difficult. The special case when all the proper 
subgroups of two such non-abelian groups are abelian has, however, been 
incidentally solved in what precedes as results from the article to which 
we referred above relating to the non-abelian groups which have the 
property that all of their proper subgroups are abelian and from some 
further explanations in the following section. 

3. Both of the Groups Are Non-Abelian.—Suppose that G and G’ are 
two non-abelian groups which satisfy the condition in question and that 
G is solvable. The invariant subgroup of index in G contains all the 
Sylow subgroups of G whose orders are prime to p. As G’ contains a 
subgroup which is simply isomorphic with this invariant subgroup of G 
this subgroup contains all the Sylow subgroups of G’ whose orders are 
prime to ». In each of the groups G and G’ there is an operator s and s’, 
respectively, whose order is a power of » and which does not appear in 
the subgroup of index p noted above but the pth power of these operators 
appear therein and each of the operators s and s’ transforms into itself 
a Sylow subgroup whose order is a power of contained in the given 
subgroups, respectively. Hence this subgroup is also invariant under 
G’. Since these invariant subgroups of index p can be treated in the 
same manner as G and G’ were treated we have proved the following 
theorem: If two distinct groups have the property that all of their different 
subgroups can be placed in a (1,1) correspondence in such a way that every 
pair of corresponding subgroups is composed of simply isomorphic groups 
then these two groups are either both solvable or both insolvable, and tf one ts 
abelian the other 1s non-abelian. 

It is not difficult to construct infinite categories of pairs of groups such 
that all the distinct subgroups of every pair can be placed in a (1,1) corre- 
spondence in such a way that all of the corresponding subgroups are simply 
isomorphic. To construct such a category we may extend the cyclic 
group of order pg, p and q being prime numbers such that both p — 1 and 
q — 1 are divisible by the same odd prime number 1, by various operators 
of order 7, Ss, 52, ..., 5,1, SO as to obtain r — 1 distinct groups of order 
pgr. All of these groups are conformal and all the proper subgroups of 
every pair of them can be placed in a (1,1) correspondence in such a way 
that all of the corresponding subgroups are simply isomorphic. While 
some abelian groups are not completely determined by the numbers of 
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their operators of each order it is obvious that every dihedral group and 
every dicyclic group is thus completely determined. 

It was noted in the preceding section that if G’ is an abelian group of 
order p” which has two and only two invariants and if the smaller of these 
invariants exceeds p then there are exactly two non-abelian groups of 
order p” which separately have the property that all of their distinct 
proper subgroups can be placed in a (1,1) correspondence with all of the 
distinct proper subgroups of G’ in such a manner that every pair of these 
corresponding subgroups is composed of simply isomorphic groups. These 
pairs of non-abelian groups have therefore the property that all of their 
distinct proper subgroups can be put in a (1,1) correspondence in such a 
manner that every such pair of corresponding groups is composed of 
simply isomorphic groups. We thus obtain an infinite system of prime 
power non-abelian groups composed of groups which satisfy in pairs the 
condition under consideration. Every proper subgroup of each of these 
groups is abelian as was noted above. 

Another example of an infinite system of groups composed of pairs 
such that all the proper subgroups of each one of these pairs can be put 
in a (1,1) correspondence with all the proper subgroups of the other in 
such a way that all the corresponding subgroups are simply isomorphic 
may be constructed as follows: Extend the dihedral group of order 2pq 
where both p and g are prime numbers which are congruent to unity 
modulo 4, successively by two operators of order 4 which transform this 
dihedral group into itself and have their squares therein but give rise to 
two distinct groups of order 4pg. The subgroups of these two groups 
whose orders are not divisible by both » and g are simply isomorphic and 
if their orders are divisible by both » and g they are identical. There 
are also two distinct conformal groups of order 4p%q’, where a and £ are 
two natural numbers of which at least one exceeds unity, but none of 
these pairs of groups satisfies the condition in question. 


1G. A. Miller, Bull. Amer. Math. Soc., 8, 155 (1902). 
2G. A. Miller and H. C. Moreno, Trans. Amer. Math. Soc., 4, 399 (1903). 
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LOCALLY COMPACT ABELIAN GROUPS 
By EGBERTUS R. VAN KAMPEN 
THE INSTITUTE FOR ADVANCED STUDY 


Communicated May 17, 1934 


1. Ina recent paper! L. Pontrjagin proves a duality theorem between 
discrete Abelian groups and compact Abelian groups (Theorem III) and 
a theorem on locally compact connected Abelian groups (Theorem I). 

In this note we will show how to extend the last theorem to arbitrary 
locally compact Abelian groups (Theorem IT) and how this gives rise to 
an extension of the duality theorem mentioned before to a correspondence 
in pairs of locally compact groups (Theorem IV). We are indebted to 
L. Pontrjagin’s paper for almost all the ideas used, a preliminary and the 
final manuscript of which we had an opportunity to study. Theorem IV 
is closely connected with a recent result of J. von Neumann.? Ina subse- 
quent paper we will give a systematic account of the theory of character 
groups. 

2. We will simply write the word group for a separable metric topologi- 
cal Abelian group of which the operation is written as addition. 

For the direct sum of two groups F and G we write [F + G]. For the 
group generated by sets of elements F, G, ... we write [F, G, ...]. For 
a group with F as subgroup and G as factor group of F we write [F |G]. 
Of course, the group [F|G] is not determined by F andG alone. For 
[{F |G]| H] which is equal to [F| [(G| H]] we write [F|G| H]. 

Pontrjagin proved the following theorem: 

THEOREM I. Each locally compact connected group is the direct sum of a 
translation group and a compact group. Here a translation group is the 
group of translations in a finite dimensional affine space carrying its na- 
tural topology. 

We will extend this theorem as follows: 


THEOREM II. Each locally compact group is the direct sum of a transla- 
tion group and a group in which the component of the zero element is compact. 

A locally compact group in which the (topological) component of the zero 
element is compact has a compact and open subgroup.® 

We can write this as follows: G = [7 + [R |S ]], where G is an arbitrary 
locally compact group; T is a translation group,R is compact and S is discrete.* 

3. A character of a group is a continuous isomorphism of the group 
into the addition group K of real numbers modulo one. For the theory 
of character groups of compact and discrete groups, compare Pontrjagin’s 
paper. His main result is: 


THEOREM III. The character group G of a compact group G is discrete 
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and G is the character group of G. The character group F of a discrete group 
F is compact and F is the character group of F. 
We will extend this theorem as follows: 


THEOREM IV. The character group G of a locally compact group G is 
locally compact and G is the character group of G. 

This theorem can be written symbolically using Theorems II and III 
and giving a little more information on G: 

THEOREM V. If G = [T + [R|S]], where T 1s a translation group, R 
is compact and S is discrete, then G is of the form [T + [S|R]] and G = G. 
Here T is the character group of T and simply isomorphic with T, S is the 
compact character group of S, and & is the discrete character group of R. 

4. Lemma 1. Any 0-dimensional locally compact group D has in any 
neighborhood of 0 a compact and open subgroup E. The group D/E is 
then of course discrete. 

This lemma is proved by taking a compact open symmetric (U = —U) 
neighborhood U of zero in D and forming the set £ of all elements a of 
D such that the sum of a and any element ot U is still in U or symbolically: 
such that EF + U = U. This construction goes back to Pontrjagin. The 
proofs are elementary. 

Lemma 2. If a locally compact group G has the form [T|R] where T is a 
translation group and R 1s compact, then it is the direct sum of T and R. 

We construct the character group G of G. In the first place we find 
a subgroup R of G consisting of all characters of G equal to0 on T. R 
is isomorphic with the (discrete) character group of R, and contains 
characters different from 0 on any element of 0 not contained in JT. The 
elements of G/R are classes of characters of G all equal on 7, accordingly 
G/R is the group of characters of T if each character of T can be extended 
over G.* 

Now each character of T is equal to zero on a subgroup A of T such 
that T/A is compact (simply isomorphic with K). But then G/A is 
compact and any character of T/A can be extended over G/A so that the 
original character of T can be extended over G. 

So G has the form [R| 7] where T is the character group of T and R the 
character group of R. In order to prove that G is the character group of 
G we have to prove that each character y of G defines uniquely an element 
of G. The values taken by y on R define uniquely a certain co-set of T 
in G, for it defines uniquely a character of R (Theorem III). Now we 
subtract from y a character 6 of G defined by an element of G in the co-set 
determined by y. Then y-6 takes the value zero on R, so that it can be 
considered as a character of the group of co-sets of R in G. As such it 
determines uniquely an element of R. It follows that the original char- 
acter y determines uniquely an element in the co-set of R. 
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It is well known that no translation group is the factor group of a 
discrete subgroup in a connected group. It follows that the component 
of 0 in G is isomorphic with T and does not meet R, so that G = (7 + RI]. 
But then G = [T + R]. 

5. Now the proof of Theorem II follows very easily. Given any 
locally compact group G it follows from Theorem I that its component of 
zero is equal to the direct sum [TJ + F] of a translation group T and a 
compact connected group F. G/[T + F] is 0-dimensional for it is locally 
bicompact as factor group of a locally bicompact group and does not con- 
tain a connected set. According to Lemma 1, it can be written in the 
form [D|.S], where D is compact and S is discrete. Then G takes the 
form [(7 + F]|[D|S]] = [[[7 + F]|D]| SI. 

[[7 + F] | D] satisfies the conditions of Lemma 2, so that [[T + F] | D\= 
[7 + R] where R is compact while G takes the form [[T + R]|S}. 

By induction to the generators of S it can be proved that a group of 
the form [[T + R] | S] where S is discrete, can be brought into the form 
[T + [R|S]] and this completes the proof of Theorem II. 

The proof of Theorem IV and V follows from the theory of character 
groups up to the case F = [R|S] where R is compact and S is discrete. 
The reasoning in the proof of Lemma 2 on the group G = [7|R] supplies 
the proof of Theorems IV and V if we know that any character of R can 
be extended over F = [R| S}. But this can be derived immediately from 
an adaptation of Lemma 1 of Pontrjagin’s paper. 

1L. Pontrjagin, “The Theory of Topological Commutative Groups,” Ann. Math., 
35, 361-388 (1934). 

2 J. von Neumann, “Almost Periodic Functions in Groups I,” Trans. Am. Math. 
Soc., 36, 445-492 (1934). Last chapter. 

3 The factor group of an open subgroup is necessarily discrete; that means each 


point is its own neighborhood. 
4 That means if there exists a character of G taking in T the same values as any given 





character of T. 
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SUGGESTIONS AS TO THE ENERGY-MOMENTUM PRINCIPLE 
IN A NON-CONSERVATIVE MECHANICS 


By RicHarRD C. TOLMAN 
NORMAN BRIDGE LABORATORY OF PHYSICS, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated May 24, 1934 


1. Introduction—It has been mentioned in a previous note! that a 
failure in the conservation of energy, as suggested possible by Bohr, would 
also involve changes in the accepted equations of macroscopic relativistic 
mechanics. 

The accepted equations, which express the energy-momentum principle 
in ordinary mechanics, may be written in the general form 


(T"), = 0, (1) 


where T” is the energy-momentum tensor. In proper coérdinates (xo, 
Yo; 20, to), as used by a local observer at rest with respect to the mean motion 
of matter at the point of interest, these general equations would reduce, 
for the case » = 4, to the form 


QT! OTo"® BT a'* OT t# 
— a” 








= 0, (2) 


and since Ty‘ is the density of energy, and 7 *!, Ty*? and 7)* are the com- 
ponents of the density of energy flow, all as measured by the local observer, 
this equation would lead such an observer to equate any actual increase 
taking place in the amount of energy in his neighborhood to that which 
flows in from the surroundings. 

It is hence evident that the usual equations of mechanics would not 
allow a local observer to find processes, as for example the previously 
discussed emission and recapture of 8-particles, which would lead to a 
creation or destruction of energy inside the matter in his neighborhood. 
To permit such processes we should have to replace equation (2) by the 
less stringent one 


OT>*! OT)*? OT>*? OT>** 
— a 











= by, (3) 


where bo gives per unit volume the rate—positive or negative—which the 
local observer actually does happen to find for the creation of energy. 
2. Generalized Energy-Momentum Principle——Since the accepted equa- 
tions of mechanics (1) definitely require the conservation of energy as 
shown by (2), we now require some further generalization of these familiar 
equations, which will reduce in the case of proper coérdinates with » = 4 
to the form (3), and thus permit a local observer to find a generation of 


See et a ee Se eee eee 
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energy taking place in the matter in his neighborhood. A suitable generali- 
zation appears to be given by 


(™), = B, (4) 
where the newly introduced vector B” is defined by 
ger, 3 ; 


bo being the rate of energy production per unit volume as found by a local 
observer, at rest in the matter at the point and time of interest, and dx"/ds 
being the macroscopic ‘‘velocity”’ of that matter with respect to the co- 
ordinates x” in actual use. 

To demonstrate the possible acceptability of these proposed equations, 
we note in the first place that they are covariant expressions which would 
be true in all sets of codrdinates if true in one. In the second place, in 
any set of natural codrdinates (x, y, 2, t) for the point of interest, we see 
that they would reduce to the form 
































or" ‘i or” s: or or bolts 
ox oy dz ou | (1 — 2)” 
oT" =oT% = =0dT% = OT botty 
a ee i a a 
(6) 
ort am are om 
Ox ¥ oy t Oz . 30 (1 — u?)” 
or’ oT = OT#® OT by 











a bo we ze | al 


where u, with the components u,, u, and u,, is the velocity of matter as 
ordinarily measured, expressed in units which make the velocity of light 
equal to one. In this form we then note that the generation of energy at 
the proper rate bo, as measured by a local observer, would add its con- 
tribution to the density of energy and to the component densities of mo- 
mentum in the way to be expected from the special theory of relativity. 
Finally, in the case of coérdinates which are proper as well as natural, we 
note that the equations with 4 = 4 would reduce as postulated above to 
the previous form (3), so that a local observer at rest in the matter would 
find the rate of energy generation b) per unit volume; and in addition we 
note with » = 1, 2, 3 that a local observer would find, as should be expected, 
no effect on momentum from the generation of energy by matter which 
is stationary with respect to himself. 
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The choice of the symbol do, with the corresponding vector B* = bodx*/ds, 
to denote the proper rate of energy production can serve to remind us 
that the proposed equations are an outcome of Bohr’s suggestion as to the 
possibility of such energy creation. 

3. Conclusion.—In conclusion it may be emphasized that the equations 
proposed above are to be regarded as macroscopic in character, and that 
the quantity 5, which gives the rate of energy production in unit volume 
as measured by a local observer, is to be regarded as a function of the 
chemical constitution and physical state of the matter involved, to be 
determined by empirical methods. 

It should also be noted that an acceptance of equations (4) and (5) 
as an expression of the energy-momentum principle would also involve 
some modification of the usual expression for the dependence of space- 
time metric on the distribution of matter and energy, since this is such as 
to make the divergence of the energy-momentum tensor necessarily equal 
to zero. Some remarks as to metric in a non-conservative mechanics 
will be made in a following note. 

! Tolman, these PROCEEDINGS, 20, 379 (1934). 


SUGGESTIONS AS TO METRIC IN A NON-CONSERVATIVE 
MECHANICS 


By RicHarRD C. TOLMAN 
NORMAN BRIDGE LABORATORY OF PHYSICS, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated May 24, 1934 


1. Introduction.—The purpose of this note is to give tentative con- 
sideration to the dependence of space-time metric on the distribution of 
energy and momentum, in the case of a mechanics which abandons the 
principle of the conservation of energy. The question is a difficult one, 
and its final correct answer might necessitate some new conceptual ap- 
paratus. In the present note, however, we shall merely try to show the 
consequences of a direct and somewhat plausible method of attack, which 
can be made with familiar tools. 

It has been pointed out in a previous note! that the expression for the 
energy-momentum principle in a non-conservative mechanics could na- 
turally be taken as given by the equation 


(7), = BY = bp = (1) 
v ds ,’ 


where 7” is the energy-momentum tensor, b) the proper rate of energy 
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generation per unit volume, and dx*/ds the ‘velocity’ of matter at the 
point of interest, all the quantities being regarded from a macroscopic 
point of view. It is immediately evident, nevertheless, that this expression 
would not agree with the usual relativistic relation between the energy- 
momentum tensor 7” and the contracted Riemann-Christoffel tensor R”’ 


1 
tek = RO Sy, (2) 


since the tensor divergence of the right-hand side of (2) vanishes identically. 

To obtain a generalization of this equation suitable for a non-conserva- 
tive mechanics we have the following considerations to guide us. In the 
first place the final postulate should be expressed in a covariant form, 
equally valid in all sets of codrdinates, in order to avoid unsuspected 
assumptions that might be dependent on the use of some particular set 
of coérdinates. Secondly, in accordance with the known successes of the 
theory of relativity, the postulate should be reducible in the absence of 
any energy creation to the older expression (2). Finally, if we are to 
assume a reality for the process of energy production, we should also 
wish to assume that any newly created energy would have the same kind 
of effect on gravitational field and metric as is produced by energy already 
present. 

The first two of these considerations are, of course, very essential criteria 
for the acceptability of any final postulate. They have, however, prac- 
tically no directive action which could lead us to an actual choice On 
the other hand, however, if we make use of the methods discovered by 
Einstein? for the approximate treatment of weak gravitational fields, it 
can be shown that the third consideration, requiring newly created energy 
to have the same kind of effect as other energy in producing a gravita- 
tional field, does have considerable force to suggest a definite method of 
attack. 

2. Weak Fields with Energy Conservation.—Let us take a gravitational 
field weak enough so that deviations from the “flat” space-time of the 
special theory of relativity will be small. We can then use codrdinates 
(x, y, 2, #), which are approximately Galilean in character, with the com- 
ponents of the metrical tensor given by the expression 


Sur = by + hy (3) 


where the 6,, are the Galilean values +1, 0, of the g,,, and the h,, are small 
correction terms. Furthermore, denoting the Galilean values of the 
g” by 6”, we may also introduce the quantities 


W, = 8%h,, and h = h® = 8% has, (4) 


and may regard the h,, and h;,, together with their derivatives with respect 
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to the codrdinates, as terms of the first order, whose squares can be neg- 
lected. 

Using such quasi-Galilean coérdinates, it is then known’ that the general 
expression for the contracted Riemann-Christoffel tensor can be written 
correct to the first order in the approximate but otherwise general form 


R 1 aB O*ltyy 1 0” hé 1 € 0” hé an 
w = 9" Axton? — 2 sate a ish) a saat SOE ia be 
(5) 











Furthermore, it is known‘ that an infinitesimal transformation of 
coérdinates 


02h -_ 
x’ = x" + o", where 5% aon? = ag (hs - 5 i (6) 





can in general be made which, after dropping primes, will reduce the above 
expression to the simple form 


Ry, = 1 gut Dh 


2 Ox Dxe*” 





(7) 


holding in the specialized quasi-Galilean codérdinates thus obtained. 

In the ordinary theory of relativity, in which energy conservation is 
preserved, (7) and (2) may then be combined to give as a result, valid in 
the above specialized coérdinates, 








co ae 1 .o Oe 
8 (Te ; Tay) = oe (8) 
which, since 5°°02/Ox%0x* is the d’Alembertian operator, has the well- 
known solution 
1 
[7 w > 7%, 
Noy = —4 r Fol s dv, (9) 


familiar from the theory of retarded potentials, where r is the distance 
from the element of volume dv to the point of interest. 

3. Weak Fields without Energy Conservation.—If now we desire to 
change to a theory in which the creation of energy is to be permitted, it 
is evident that equation (5) must still be taken as valid in weak fields, 
since the Riemann-Christoffel tensor is in any case a perfectly definite 
defined function of the metrical tensor and its derivatives. Furthermore, 
it is evident that we can maintain our hypothesis that energy whether 
newly created or not exerts the same effect on the gravitational field 
described by the h,, if we also adopt equation (9) as valid in our new 
theory, with the understanding that we shall insert therein the actual 
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values of 7',,and 7 at the location of dv at the time ¢ — r, without any 
distinction between energy which has just been created inside the element 
dv and energy which has been there for some time or has entered from the 
outside. Nevertheless, if we desire to base our new theory on equations 
(5) and (9), it is evident that we can now no longer take the specialized 
quasi-Galilean coérdinates in which (9) holds as being also a special set 
in which (5) reduces to the simple form (7), since this would at once lead 
to the usual relation between distribution and metric which requires the 
conservation laws. 

These considerations are sufficient to give a relation between the R,, 
and the 7,,, since by combining the general equation (5) with the conse- 
quences of (9), we can readily obtain the result 





2 € 
R,, = —8r(T,, — 173.) +2 [Tah =» dv + 
2 Ox” Ox* r 


2 € 
D) fe) {= —F dv. (10) 
Ox” Ox* r 


Furthermore, since a displacement in the point of interest denoted by 
0/Ox* can be allowed for by differentiating back of the integral sign to 
give terms of the form [07{/0x‘],_, with r left unchanged, it is evident 
that this expression will reduce to the usual relation between metric and 
distribution in case the conservation laws do hold, and in any case will 
approach thereto as we go to regions further and further from those 
where the conservation laws fail. 

By applying the d’Alembertian operator to (10), we can re-express 
this equation in a form suitable for covariant generalization 

















o2R 2? 1 oT" 
ad w = —8r5% T., ~ — 1%.) +8n ——+* 
dx Ox? " eae * 3 i Te 
oT" 
é te soe (11) 


4. Covariant Generalization.—In accordance with the spirit of the 
principles of covariance and equivalence, we may now generalize (11) by 
replacing the d’Alembertian operator by the corresponding covariant 
operator, the Galilean values of the metrical tensor by their covariant 
values, the ordinary derivative by the covariant derivative and the 
ordinary divergence by the tensor divergence. Doing so, and introducing 
the expression for the divergence of the energy-momentum tensor given 
by (11), we obtain the covariant relation 


« . 1 ‘ 
g *(R,. as 57 —8rg*(T,, Ee 9 Tg») ap + 8r(B,), + 8r(B,),. (12) 
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Treating this expression by familiar methods of tensor manipulation, 
the result can also be expressed in the form 


1 ; 
—&T,, = R,, — 5 Rg,, + D,,, (13) 
where D,,, the discrepancy from the usual expression for the dependence of 
the energy-momentum tensor on the metric, would be subject to the 
equation 


g (Dy) ab a —8r(B,), ae 8r(B,), + 8r(B*) Luv: (14) 


5. Conclusion.—The final result certainly does exhibit some of the 
properties for a satisfactory relation between metric and distribution in 
a non-conservative mechanics. It is covariantly expressed and hence 
would be true in all sets of codrdinates if true in one. In fields of any 
strength, it can be taken as reducing to the usual relation between metric 
and distribution in the complete absence of energy creation or destruction, 
and as approaching thereto as we recede from regions where tlie con- 
servation laws fail. Furthermore, in fields of any strength, the dis- 
crepancy from the usual relation would be propagated, through regions 
where the conservation laws do hold, in accordance with a type of wave 
equation which is characteristic of the metric. Lastly, in fields weak 
enough so that approximate methods can be used, we can obtain the 
solution (9), which makes newly created energy have the same effect in 
producing a gravitational field as that which has survived destruction. 

On the other hand, the result has two quite unsatisfactory features. In 
the first place, it has been obtained by a fairly complicated generalization 
that starts from an equation (9) which at best can be true only in very 
special sets of quasi-Galilean coérdinates. In the second place, in the 
process of generalization we have changed from equations of the second 
order to equations of the fourth order in the derivatives of the metrical 
tensor, without obtaining any specific rules for choosing those integrals 
of the latter which have physical significance, beyond general notions as 
to the behavior of the equations in weak fields or under certain limiting 
conditions. Both of these points have also been specially emphasized 

' by my colleague Professor J. R. Oppenheimer whose criticism has been 
very helpful. 

Finally, it may be well to stress again as in an earlier note,’ that the 
failure or validity of our older ideas as to the conservation of energy is 
still a matter for empirical decision. Furthermore, in the case of ap- 
parent failure, it would still be necessary to decide whether the addition 
of new terms to the expressions for energy and momentum in order to 
retain conservation might not be a convenient rather than a purely formal 
procedure. 
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1 Tolman, these PROCEEDINGS, 20, 437 (1934). 

2 Einstein, Berl. Ber., 1916, p. 688. 

3 See, for example, Eddington The Mathematical Theory of Relativity, § 57, 
Cambridge, 1923; or Tolman, Relativity, Thermodynamics and Cosmology, § 98, 
Oxford, 1934. 

4 Hilbert, Goettingen Nachrichten, 1917, p. 53. 

5 In the case of cosmological problems the limiting relation when the conservation 
laws do hold might have to be taken in the form —8rTyy = Rw — '/2Rguv + Agu with 
A a constant. 
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THE TEMPERATURE-STRUCTURE-COMPOSITION BEHAVIOR 
OF CERTAIN CRYSTALS 


By M. J. BUERGER 
DEPARTMENT OF GEOLOGY, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


Communicated May 24, 1934 


Structure and Notation of Polyatomic Crystals —Substances which are 
polyatomic in any sense, have the possibility of forming crystals of two 
distinct types. These two types and the consequences of their existence 
may be illustrated by considering crystals formed of elements A and B. 

Suppose elements A and B form an unbroken series of solid solution 
crystals in which the A atoms and B atoms proxy for one another. Crys- 
tals of composition half A and half B, then, may have either of two struc- 
tures: 

1. A possible configuration of the atoms is one in which either A or B 
occupies a given structural position in the solid solution structure without 
regard to its neighbors. There is thus a random distribution of A and B 
which has the same identity periods as the general solid solution crystal 
structure. In this solid solution series, crystals of pure A may be desig- 
nated by the formula A, crystals of pure B by the formula B, and in con- 
formity with this, crystals of half A and half B in random distribution may 
be designated by the formula: 


it @ 


2. The structure of the crystal may consist of some sort of regular alter- 
nation of A and B within the general scheme of the A—B solid solution 
crystal structure. As a necessary consequence of the alternation of A and 
B atoms, one or more of the primitive identity periods of the crystal be- 
come small multiples of the corresponding identity periods of the general 








ee 
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solid solution structure. The geometry of the crystal is therefore referable 
to a superlattice. This condition may be described by saying that the 
solid solution crystal displays a superstructure. This structure has the 
characteristics of a true compound and may consequently be designated by 
the formula: 


AB. (2) 


The notation he may be extended to cover crystals with composi- 

% 
tions other than simple proportions of A and B. Consider a crystal of 
composition near to half A, half B. Its composition may be represented 
by Ay +, By — x, where x isa small fraction. If the crystal takes on 


a completely random arrangement of A and B atoms, its formula may be 


written: 
Ay+x 
ro - ‘| (8) 


This notation may be easily extended to cover the cases of more com- 
plicated compounds. Thus if C is an atom or a group of atoms not con- 
cerned with possible superstructure formation, then 


ABC (4) 
indicates the compound ABC, with all atoms regularly arranged. The 


formula: 
Al | - 
72 C 5 
F wt 2 ( ») 


then indicates the same general kind of crystal, with A and B atoms dis- 
tributed at random throughout the A and B positions. It will be observed 
that this symbolic statement contains Barth and Posnjak’s recognition of 
the possibility that non-identical atoms may occupy equivalent equi- 
points. »23 1314 

While (2) requires at least one primitive identity period which is some 
multiple of that of (1), this increased identity period does not necessarily 
follow in the case of (4) compared with (5). This is because the atoms C 


; , po , A ; 
may, in themselves, or in combination with | | require a larger 


M4 
By, 


identity period than | alone. Therefore, the increased identity 
% 


period privately necessary among A and B by regular alternation AB, 
may or may not be greater than the large general identity period estab- 


lished by C or by bg C. 
% 


2 
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It is occasionally convenient to use another notation. If a compound 
DE exists which has a structural plan similar to that of ABE, or _ E, 
% 


it is sometimes desirable to display this structural parallelism, without 
necessarily indicating whether a superlattice is implied or not, thus: 


DE 


ied. ’ 
ae. (6) 


As an example of such a relationship may be mentioned the case of sphaler- 
ite and chalcopyrite, both based on the sphalerite plan: 


Sphalerite = ZnS 
Chalcopyrite, CuFeS, = = S. 








The Potential Favoring the Ordered Moditfication.—A static collection of 
atoms may be likened to a static collection of spheres under mutual attrac- 
tion, to the first approximation. One of the important properties of the 
atoms in this connection is the differing effective radius of the various 
members of the polyatomic assemblage. Generally speaking, the type of 
packing most economical of space for spheres of several sizes is one in which 
there is some regularity in the arrangement of the spheres. This can be 
illustrated by considering a very simple type of crystal, say one containing 
two kinds of atoms, A and B. To simplify the picture further, suppose the 
crystal is two-dimensional, and the general scheme of packing is a square 
array. There are then two important different kinds of A —B assemblages 
characterized by a periodic spacing: 

1. An assemblage in which A and B alternate in some manner. The 
spacing between rows of atoms is the sum of the radii of the atoms A and B. 
The smallest possible identity period is twice this sum (indicating a super- 
structure compared with the identity period of the following assemblage). 

2. Another kind of assemblage is one in which there is a random dis- 
tribution of atoms except that each atom is at the corner of a square. 
Suppose the atom A is larger than B. Then, the spacing between rows 
cannot be less than the closest approach of two of the larger A atoms, 
for these frequently are neighbors. The spacing between rows is then 
twice the radius of A. Strictly speaking, there is no identity period in this 
assemblage. A spacing which corresponds to an identity period so far as 
most physical properties (like x-ray scattering, for example) are concerned, 
however, is the shortest spacing between statistically like rows. This 
“identity period” is the same as the spacing between rows, namely, twice 
the radius of A. 
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The planar spacings are thus: 


for AB Ra + Rp, 


for ira R, + Ra, 
By 


where Ry, is the radius of the larger atom. For a static model of rigid 

spheres, composed of equally spaced rows, then, the average interatomic 

distance is greater in the random distribution Pale Since the potential 
% 

energy realized by the atoms falling in through one another’s fields to form 


the crystal depends upon this term, Ay has a higher potential energy 
4% 


than AB. 

In an actual crystal, of course, the atoms are not rigid spheres; inter- 
atomic distance may therefore be reduced by local compression of the 
closer atoms, or by bending of certain bonds. The potential energy of 


re is still higher than AB, however, because local accommodation of 
% 


compression, bond-bending, etc., represents work done on the crystal. 

Low temperatures, in which the thermal agitations tend to be relatively 
negligible in producing deviations from a static model, therefore, favor 
ordered arrangements. It is this very mechanism which favors the crys- 
talline rather than the glassy state at lower temperatures, and it is the 
answer to Zwicky’s* question as to “why crystals exist.”’ 

Favored State under Thermal A gitation.—When, under thermal agitation, 
the momenta transferred to the atoms become sufficiently high and act 
in appropriate directions, a circuit of atoms may execute a cyclical inter- 
change of position. The ease with which the interchange takes place will 
naturally depend upon the crystal structural type and the atoms involved. 
The more open structures such as the tetrahedral types, for example, favor 
such interchanges. At high temperatures, the vigorous thermal agitation 
undoubtedly propels atoms into the opening; when the right coincidence 
arrives, a circuit of neighbors, having received energies sufficient to enable 
them to surmount their potential barriers simultaneously, simply drop 
back into the wrong empty positions. 

This performance constitutes a diffusion of matter within the crystal. 
In general, it produces a disordering of any originally ordered array. 

Quenched Crystals and Variate Atom Equipoints.—A crystal of the type 


Fy C, grown at a high temperature and quenched would preserve, not 
% 


the average, half-breed atom 14} in equivalent positions, of course, 
% 
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but the momentary random distribution bid , which, taken by itself, 
% 


is not a fair sample of the original crystal. Herein lies the reason why 
Barth and Posnjak’s principle of variate atom equipoints seems to be a 
violation of geometrical space group theory. The true physical condition 


of the crystal when formed is not one in which the atoms in the ‘3"t 
% 


position are to be regarded as a random mixture of A and B, but rather 
A+B 





as a single average atom species. To a crystal containing such 


average atoms, single in species over a real period of time, space group 

theory applies. Space group theory does not strictly apply to the quenched 

equivalent Ay C because the randomness of Fa does not permit a 
B ¥% B % 

true periodicity. 





% Ay A+ 
The new notation B denotes the half-breed atom The 
% 


2 


, A ‘ : 
notation | _ , therefore denotes the instantaneous configuration of 
% 


. The crystal type k +] thus has no physical stability. It is 
By, By, 
always metastable tending to change thus: 


bal oes { au \ (high temperatures) (7) 
% % 


1 
be —»> - AB (low temperatures). (8) 
By 2 
According to a previous section, the right members are favored thus: 
1 tal { Ay) 
low temperature high temperature 


The metastable crystal ha may be formed in two ways: 
% 
1. By quenching fowee Given sufficient cooling time, however, 
% 


1 
bel produces 5 AB, which has the least energy. 
- 2 . 


2. By rapidly precipitating the crystal, as from solution, at low tem- 


1 
peratures. Slow precipitation, on the other hand, produces 5 AB because a 
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wrongly placed atom, say A, is dislodged and replaced by the right one, B, 
given time for energy competition. Rapid precipitation freezes an atom 
where it first condenses by rapidly covering it with others. Under such 
conditions, energy competition is inhibited. 


1 
Annealing the above ee type crystals tends to give rise to 5 AB. 
% 


The increased temperature simply renders the structure mobile and facili- 
tates taking advantage of the free energy. 

In substantiation of the above theory attention may be drawn to one 
of the first applications? of Barth and Posnjak’s variate atom equipoints 
principle: cubic Li,O-Fe,0;. This is cubic, if formed: 


(1) By heating together LigCO; and Fe,O; at red heat and cooling, or, 
(2) By heating together LiOH and FeO; in a pressure bomb at about 
600°C. 


When preparation (2) was carried out below this temperature, an aniso- 
tropic modification was formed, whose relations to the cubic LiFeO, were 
not studied. Since the anisotropic form is the stable form at room tempera- 
tures, the cubic form investigated may be considered a metastable product, 
owing its room temperature existence and its variate atom equipoints to 
quenching. This is in accord with the theory just presented. The 
theory suggests that appropriate annealing will remove the variate atom 
equipoint condition. The anisotropic modification stable below about 
600°C. may possibly be related to the cubic modification as follows: 


cubic modification Be | O 
Fey 


anistropic modification LiFeO:. 


The same situation evidently obtains among the spinels, where variate 
atom equipoints were first suggested.' The artificial spinels are made 
by fusion. 116 The result is 


Mg ty | M83 
Al | Aly, | O,, or possibly | a,b O,. 


This represents a quenched product. The ordinary spinel structure, 
MgAl,O, is, however, still a possibility for crystals grown from solution 
at lower temperatures, as they presumably have grown in certain geological 
occurrences. This may account for an alternative" spinel structural type. 

Group Rotation and Extra Specific Heats —Attention should be called to 
the relation between change (9) and the onset of molecular and group 
rotation, which has recently received considerable attention.*”**! 
The two processes are basically the same. Both are interchange mani- 
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festations of heat motion. In the case of group rotation the interchange 
involves a change of position of a circuit of atoms of the same kind. It 
may be represented generally by the notation used in this paper as 


24 isd. : (10) 
In certain specific cases this takes the form: 
iz + (iodine molecule rotation) (11) 
O —_ 
NO;- = N (<O> (nitrate group rotation). (12) 
(0 


In pure group rotation, the interchange of atoms takes place only within 
the tightly bound, discrete group. No diffusion thus takes place. In 
the case of interchange within merging, or non-discrete groups (say linked 
tetrahedral groups within tetrahedral structures), there is no essential 
difference, but the merging character of the groups permits migration of a 
single atom through the entire crystal, i.e., diffusion. 
The sharp increase in specific heats accompanying the onset of group 

rotation has its somewhat more complex counterpart in the process 

i AD = 15%}. 

2 By, 


1 
The excess potential energy of bel over 5 AB, as discussed in a pre- 
% 


1 
vious section, requires that the change of 9 AB to form ka should 
% 
be attended by an increase in specific heat over the range where the change 


takes place. The production of the dynamic state . t from the static 
% 


A , 
random | “el also constitutes an energy storage. These changes may 
% 


account for the intervals over which specific heats take abnormally high 
values. 
Possibility of Solid Solution—Since elevated temperatures produce 
at inns aR. ee Ctein ABC,, etc., it is evident that the high 
By, 2 By, 2 
temperature structures are tolerant with regard to the filling of the A, B 
positions. This leads immediately to the possibility of permitting other 
atoms to proxy for A or B. This can be done, for example, by permitting 
a completely foreign atom, F, to substitute for some of A and for some of 
B, thus: 
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Asus 
By,-y (13) 
Frty 


Alternatively, excess A (or B) atoms may take the office of the proxy atom 
species, F, thus: 


Mikxs 
Bi} see} = th 
roe %-y B, 
Formula (13) is a proxy solid solution of F in es \ while (14) indicates 
% 


a proxy solid solution of excess A in att. Formula (14) gives the 
% 


reason for the departure of ‘“‘compounds’’ from ideal formulae, with par- 
ticular reference to the range of composition of intermetallic compounds. 
Unmixing or Segregation from Solid Solution.—In a foregoing section, it 
was shown that there is a potential tending to order a disordered structure 
at low temperatures. Consider, now, the cooling of the disordered struc- 


a 
ture (14), which contains an excess of A atoms. If A is not a simple frac- 
tion, it is impossible to arrange A and B in some sort of alternating space 


a 
pattern. It can be easily shown, however, that it is possible to express ; as 


b 
the weighted sum of two simple fractions, thus: 
a mM p 
ee. +y 7 (15) 


Therefore, the crystal oe can become ordered by splitting into two 
b 


crystals, thus: 


7 —> «A,B, + yA,B,. (16) 
b 
The conservation of A and B atoms gives the following relations between 
coefficients and subscripts 
a=xm-+ yp 
The important thing here is that the non-integral character of a and 0 is 
transferred to the coefficients x and y, which indicate the amounts of the new 


crystals formed. Therefore, the appropriate cooling of i will result 
b 
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in two crystals provided the energy realized by this ordering process is not 
completely absorbed in the interfacial surface energy required by the 
splitting of one crystalline phase into two. This is evidently the reason 
for unmixing of a solid solution (in mineralogical parlance) or the formation 
of a segregate phase (in metallographic parlance). 


It usually happens that the original solid solution et differs rather 
b 


slightly from one of the rational compositions A,,B, (or A,B,). Equa- 
tion (16) may then be satisfied by a process of purifying the original 
composition by casting out a small amount of a crystalline phase of an- 
other rational composition, at the same time that the remaining structure 
becomes ordered. This common type of unmixing is thus like the ordering 


1 
of a disordered crystal of ideal composition me into 2 AB. The host 
% 
crystal is the one having the general structural type common to both 
md and AB, while the guest crystal is the segregate or exsolved phase of 
b 


different structure. 

In the actual process of unmixing of one crystal into two, the plane of 
junction of the two phases may be expected to be such as will keep the 
surface energy developed by the production of the new interface at a 
minimum. If there is a sheet structurally the same in the two crystals, 
the interfacial energy will be low if there is continuity between the two 
crystals through the aid of this common sheet. This evidently accounts 
for the familiar Widmanstatten structure of unmixed intergrowths, for 
Gruner?” has shown that in the case of sulfides, at least, there is a structural 
sheet or plane held in common by the two phases. 
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THE PRODUCTION OF THE CRUSTACEAN CHROMATOPHORE 
ACTIVATOR 


By B. Kropp AnD W. J. CROZIER 
LABORATORY OF GENERAL PHYSIOLOGY, HARVARD UNIVERSITY 


Communicated May 28, 1934 


The manner of production of the crustacean eye-stalk hormone which 
activates chromatophores is a matter upon which Perkins (1928) and 
Koller (1928), who first described the action of the substance, have given 
no information. Before an understanding of the significance of this ma- 
terial can be had it is essential to know the source and mechanism of its 
production, as well as the mode of its dispersal. For this purpose there 
is available a method based upon that devised for detecting growth-pro- 
moting substances (auxin) in plants (cf. Cholodny, 1924; Navez, 1933), 
and which may be adapted to furnish a useful means of assay of the eye- 
stalk substance. Previous experiments resulted in the detection of an 
accelerating effect of the crustacean eye-stalk extract upon the elongation 
of the decapitated coleoptile-tip of Avena, and in contrast a retarding ef- 
fect upon the elongation of decapitated roots of Lupinus, similar to the 
contrasted actions of auxin. 

The extract of the eye-stalks of light-adapted Palaemonetes and other 
decapod crustaceans, when injected into the circulation of dark-adapted 
crustaceans showing the characteristic dispersed condition of pigment, in- 
duces a prompt concentration of pigment; the animal then approximates 
the appearance of the light-adapted state. The reverse effect, sought by 
the use of extracts from eye-stalks of dark-adapted Palaemonetes, cannot 
be brought about. With regard to the réle played by light in this phe- 
nomenon it is possible that the chromatophore activator is actually pro- 
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duced only in the presence of light by a portion of the eye-stalk acting as a 
gland; but it is equally possible that the substance is produced and pres- 
ent in the eye-stalk at all times and that the réle of light is to stimulate 
liberation of the substance from the eye-stalk into the general circula- 
tion. 

Palaemonetes were exposed to light for 36 to 48 hours. After being 
washed free of sea water an extract in a small quantity of distilled water 
was prepared from the eye-stalks of 50 such animals, by a method pre- 
viously described (Kropp and Perkins, 1933), and the solution was made 
up to 1 cc.; 0.5 cc. of this solution was left in contact with a 6-mm. cube of 
agar for 5 hours at 3°C., subsequently cut into 3 uniform pieces. Each 





Growth (arbrtrary units) 














ERED 
Time 
FIGURE 1 
Curves A, B and E show the depression of the rate of elongation of the decapi- 
tated root tips of Lupinus under the influence of eye-stalk extracts of light-adapted 
Palaemonetes vulgaris; Curves C and D of dark-adapted P. vulgaris. Arrow indicates 
point at which root tip was removed and extract-imbibed agar block applied. 





piece was applied to a growing root of Lupinus after 3 mm. of the tip had 
been removed. 

Another extract was prepared in the same way from a similar number 
of animals which had been kept for 36 to 48 hours in the absence of light. 
This extract was also taken up in agar and applied to Lupinus roots as 
in the previous case. 

Further controls were made by the use of extracts of abdominal muscle 
of Palaemonetes, prepared precisely as were the eye-stalk extracts. All 
agar used was previously thoroughly leached to remove any growth-pro- 
moting or -retarding substances that may have been present. 

Samples of all extracts were tested on the chromatophores of dark- 
adapted Palaemonetes by injecting 0.1 cc. of the extract under the carapace. 
Eye-stalk extracts of both light-adapted and dark-adapted Palaemonetes 
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produced the characteristic chromatophore contraction effect. How- 
ever, the chromatophores reacted more slowly to the ‘‘dark’”’ extract than 
to the “‘light,” but in every case some degree of contraction ensued. 
Muscle extracts were wholly without effect on the chromatophores. 
Measurements of the rate of elongation of the roots were taken at half- 
hour intervals for two hours before the roots were decapitated and the 
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Curves F and J, Lupinus root tips growing under the influence 
of light-adapted, Curves G and K of dark-adapted P. vulgaris eye- 
stalk extracts. Curves H and L show the effect of Palaemonetes 
abdominal muscle extract. In some cases (Curve J) the depres- 


sion of the rate of elongation was not maintained beyond about 
4 hours. 





agar blocks applied, and for three to seven hours afterward. The seeds 
had been germinated in a dark room at 23°C. and readings were taken with 
the aid of a dim red light. 

The pronounced depressant effect of the extracts of eye-stalks from 
animals kept in the light is shown in figure 1, curves A, B and E. This 
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is in sharp contrast to the slightly depressant effect of eye-stalk extracts 
from Palaemonetes kept in the absence of light. In only one case was the 
depression of the rate of growth by the ‘“‘dark’’ extracts equal to that pro- 
duced by the “‘light’’ extracts. In the absence of any plausible explana- 
tion of this one case it seems legitimate to consider it only in determining 
that the average depression of the rate of elongation of Lupinus roots 
under the influence of ‘‘dark”’ extracts is significantly less than the depres- 
sion induced by “‘light”’ extracts. 

Figure 2 repeats and checks the above with the additional control of 
data with muscle extracts. 

It is apparent that the chromatophore activator is not present in the 
same relative concentration in the eye-stalks of Palaemonetes at all times. 
That the dark-adapted eye-stalk extract may still depress slightly the 
elongation rate of root tips probably means that the rate of inactivation 
of the substance in the absence of light is extremely slow. However, at 
48 hours in the absence of light most chromatephores show the typical 
condition of pigment dispersal, despite the apparent presence of eye- 
stalk substance as shown by Lupinus root tests as well as by injection of 
extracts into the dark-adapted animals. It is likely, therefore, that the 
characteristic dark-adapted condition of the chromatophores in Palae- 
monetes is not due only to the absence or low concentration of the eye- 
stalk substance. Indeed, the crustacean chromatophores may respond 
to lower concentrations of the substance than here dealt with, and these 
pigment cells furnish on the whole a more sensitive indication of the 
presence of the substance than do growing plant coleoptiles or roots, but 
the tests based upon the auxin-like action of the eye-stalk hormone per- 
mit quantitative estimations. 

Summary.—The crustacean eye-stalk activator of chromatophores is 
produced and dispersed into the circulation in the presence of light. The 
presence of small quantities of the chromatophore contracting substance 
in the eye-stalks of normal black-adapted Palaemonetes may be detected 
by the chromatophore effect upon injection, and by the effect upon 
elongation of roots. 
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THE ATTRIBUTES OF TONES 


By S. S. STEVENS 
DEPARTMENT OF PSYCHOLOGY, HARVARD UNIVERSITY 


Communicated June 6, 1934 


It has long been known that the interaction of a sound stimulus with 
the human auditory mechanism gives rise to the two discriminatory re- 
sponses known as pitch and loudness. In addition to these two responses 
we must recognize tonal volume, first studied by Rich’ in 1916, and tonal 
density. These four discriminable attributes are all functions of the two 
dimensions of the stimulus, frequency and energy. It is the purpose of 
this paper to discuss the nature of these functions as experimentally 
determined. 

The method used by Kingsbury’ to determine the well-known equal 
loudness contours was employed to determine similar isophonic contours 
for pitch, volume and density. Two tones of different frequency were 
presented alternately to an observer who was allowed to vary the energy 
of one of the tones until the two tones sounded equal in respect of the 
attribute in question. This procedure yields, in the case of loudness, 
contours having a minimum near the middle of the audible range. A part 
of one of these contours is shown in figure 1. 

When the observer is asked to make two tones of different frequency 
sound equal in volume (meaning “bigness” or spread), he increases the 
intensity of the higher tone by an amount which depends upon the in- 
tensity level of the standard tone. The results of a series of equations of 
this type are shown by the curve marked ‘“‘volume”’ in figure 1. This 
curve is the smoothed average of the results obtained from four observers 
by having them match each tone to a standard ten times. The average 
percentage variation of these equations, as measured in terms of the voltage 
across the output of the audio-oscillator, was 7.9. 

When instructions are given for the observer to make the two tones 
equal in density, the procedure is reversed. The lower tone has to be 
made more intense, as is shown in figure 1. The observers were able to 
make these judgments with a percentage variation of 8.8. Furthermore, 
the introspective reports show that both volume and density are judged 
with a high degree of subjective certainty. Some observers insisted that 
no greater certainty attended their judgments of loudness itself. However, 
the percentage variation obtained from a series of equations for loudness 
was 6.9, a value which is slightly lower than those cited above for volume 
and density. 

It should be noted that it is a very simple matter to convey to a naive 
observer what is meant by volume and density by presenting him with a 
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high tone at about 4000 cycles and asking him to note its ‘‘smallness”’ 
(volume) and its ‘compactness’ or ‘‘concentration’” (density) and to 
contrast these characteristics with those of a low tone at about 200 cycles. 
The difference is at once obvious. 

It has generally been supposed that pitch is dependent solely upon the 
frequency of the stimulus, although several investigators have reported 
slight changes in pitch as the energy of the stimulus is altered. A sys- 
tematic study of this effect was made by Zurmiihl’ for frequencies ranging 
between 256 and 3072 cycles. Zurmiihl found that an increase in the 
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Figure 1. Isophonic contours representing equal pitch, loudness, volume and density 
of tones equated to a standard tone of 500 cycles and 60 db. Thus 0-frequency = 500 
cycles; 0-intensity = 60 db. above the auditory threshold. The pitch contour almost 
coincides with the 0-vertical when plotted to this scale; but see figure 2 for the mag- 
nitude of its deviation. 


Figure 2. Change in pitch of tones at 500, 3200 and 400 cycles as a function of in- 
tensity of the tones. Intensity is in db. above the auditory threshold. The change 
of pitch is measured by the percentage change in frequency that must be made in order 
to counteract the change of pitch. 


intensity of the stimulus caused a drop in the pitch. The percentage of 
decrease was more for low tones than for high. There was, in fact, almost 
no change in the pitch of the 3072-cycle tone. The writer has been able 
to verify these facts by having observers adjust the intensity of one of two 
tones of different frequency until the two tones are subjectively equal in 
pitch. It appears, however, that the pitch of a tone of 4000 cycles goes 
up and not down when there is an increase in the energy of the stimulus 
(see Fig. 2). 

This reversal of the pitch effect at high frequencies occurred for all three 
of the observers and suggested that a frequency could be found at which 
there would be no change of pitch. Thus, by using a variation of the 
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method of constant stimuli, the frequency at which pitch remains con- 
stant for all values of energy was found to lie between 3100 and 3300 cycles 
‘for these observers. It is significant that in this range of frequencies the 
sensitivity of the ear is maximal.‘ In other words, the pitch of a tone is 
shifted away from the region of greatest sensitivity when the intensity of 
the tone is increased and toward the region of greatest sensitivity when 
the intensity is decreased. 

We have, then, four distinct types of discriminatory response, all of 
which arise from the interaction of a two-dimensional acoustic stimulus 
with a multi-dimensional nervous system. With the method employed 
in these experiments the observer performs a réle analogous to that of a 
null instrument. He is “set’’ or “tuned” by the experimenter’s instructions 
to respond to a difference in a certain aspect of his experience and then the 
stimulus is adjusted until he ceases to notice a difference. The important 
point is that the observer can be “tuned’’ in four different ways. The 
fact that each type of instruction leads to a response which is a function 
of the two stimulus variables means that the system can be thought of as 
bidimensional, but the fact that there are four different types of response 
means that it should be possible to discover at least four distinguishing 
characteristics in the neural pattern emanating from the cochlea by the 
auditory nerve. There is evidence to show that two separate auditory 
excitations can differ in respect of their position on the basilar membrane, 
the number of fibres excited, the spread of this excitation and the ratio 
of active to inactive fibres within the area excited. If these factors could 
be correlated with pitch, loudness, volume and density, respectively, the 
solution of the problem of hearing would be greatly furthered. 
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